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Warning: This is an Al-translated version of my German lecture notes, performed by Gemini & Flash
Preview. 1 have not checked whether Gemini introduced errors. Use with care!

Preface

In combinatorial group theory, groups are mainly studied by means of generators and relations. Nat-
urally, one must therefore deal for the most part with infinite objects. One of the most important
motivations is the Burnside problem: Is every finitely generated group with finite exponent finite?
Since geometric arguments are occasionally used (for example with Coxeter groups), one alternatively
speaks of geometric group theory.

These lecture notes were created as part of a 3 4+ 1 lecture in the summer semester 2022 at Leibniz
Universitdt Hannover. The lecture follows my group theory lecture from the winter semester 2020/21
and presupposes corresponding knowledge (references are marked with GT'). In some places, there are
duplications in both lectures. The reasons for this are:

e To recall knowledge to mind.
e To present alternative proof methods.

e Topics that are indeed in the group theory notes, but were not covered there due to time con-
straints (example: Schur extensions).

Chapters 3, 5, 8 and 11-15 were not covered (therefore more errors are to be expected therein). In order
to make calculating with (realistic) examples practicable, we provide commands for the free computer
algebra system GAP in many places. At this point, many thanks to Thomas Breuer for useful advice.
I also thank Annika Bartelt, Luca Blaas, Adrian Homma, Scheima Obeidi, Claude Sonnet (4.6) and
Tim Wittenberg for several error reports.

Literature:
e M. Hall, The Theory of Groups, 4th printing, The Macmillan Company, New York, 1963E|
e D. J. S. Robinson, A Course in the Theory of Groups, 2nd edition, Springer, New York, 199(f|

e W. Magnus, A. Karrass, D. Solitar, Combinatorial Group Theory, 2nd edition, Dover, Mineola,

20047

R. C. Lyndon, P. E. Schupp, Combinatorial Group Theory, Springer, Berlin, 1977

e J. E. Humphreys, Reflection groups and Coxeter groups, Cambridge University Press, Cambridge,
1994

e D. L. Johnson, Presentations of Groups, 2nd edition, Cambridge University Press, Cambridge,
1997

e H. S. M. Coxeter, W. O. J. Moser, Generators and Relations for Discrete Groups, 4th edition,
Springer, Berlin, 1980

The GAP Group, GAP — Groups, Algorithms, and Programming, Version 4.11.1; 2021, (https:
//www . gap-system. org).

'Treats finite and infinite groups equally. Easy to read despite its age.
2Somewhat more modern and extensive than Hall.
3Unchanged reprint of the 1975 edition. Small font, much continuous text, difficult to read.


https://www.gap-system.org
https://www.gap-system.org

1 Free Groups

Remark 1.1. A basis B of a vector space V can be characterized by the following property: For every
vector space W, every map B — W has exactly one linear extension V' — W. In this way, one can
define bases for arbitrary (non-abelian) groups. In contrast to vector spaces, however, most groups do
not possess bases.

Definition 1.2 (Universal Property). A group F is called free with respect to a subset X C F if for
every group G and every map o: X — G there exists exactly one homomorphism ¢: F' — G with
o(z) =o(x) for all z € X (i.e. 7 is an extension of o).

Example 1.3.

(i) The trivial group F' = 1 is the only free group with respect to X = &, because every non-trivial
group F' possesses at least two endomorphisms.

(ii) The group Z is free with respect to X = {1}, because every map o: X — G possesses the unique
extension Z — G, n — o(1)™.

Definition 1.4. Let X be a set, which we call an alphabet. The elements of X are called letters. Let W
be the set of all words of the form w = z{* ... x5 with n € Ny, z1,...,2, € X and €1,..., ¢, € {£1}.
Here |w| := n is called the length of w. For n = 0 one obtains the empty word w = 1. If z; # x;41
or ¢, = €41 for i = 1,...,n — 1, then w is called reduced. Obviously, one can transform every word
w into a reduced word by successively deleting parts of the form zz~! or 2~ !'z. Two words v,w € W
are called equivalent if they can be transformed into the same reduced word. This is an equivalence
relation on W. The set of equivalence classes Fx := {[w] : w € W} then forms a group with respect to
concatenation, i.e.

[w][v] == [wo]  [w],[v] € Fx.

The neutral element is the equivalence class of the empty word [1]. The inverse of [x7'...xz5] is
[z, ...z ]. By identifying € X with [z] € Fx, one can assume X C Fx.

n

Theorem 1.5.
(i) Fx is free with respect to X.
(ii) Every free group with respect to X is isomorphic to Fx.
(iii) It holds that Fx = Fy if and only if X and Y have the same cardinality.

Proof.
(i) Let G be a group and 0: X — G. For w = z7' ... z§» € W we define
o(w):=o(x)"...o(z,)™ € G.

For equivalent words v, w € W, it clearly holds that o(v) = 6(w). Thus & induces a well-defined
map Fx — G, which we also denote by &. Because of o(wv) = g(w)a(v) for w,v € W, 7 is a
homomorphism. Because of Fx = (X), ¢ is uniquely determined by o.



(iii) Let 0: X — Y be a bijection. Then there exist homomorphisms a: Fx — Fy and 8: Fy — Fx
with ajx = o and [y = o~ Thus af: Fy — Fy is an extension of idy. From the universal
property it follows that o8 = idp, . Analogously one shows fa = idF,,. Thus « is an isomorphism
between F'x and Fy.

Conversely, let an isomorphism «: Fx — Fy be given. We consider
Ny = (g°,[g,h] : g,h € Fx) < Fx

and Fx := Fx/Nx. Because of a(Nx) = {a(g), [a(g),a(h)] : g,h € Fx) = Ny, it holds that
Fx = Fy. By construction, Fx is an abelian group with g> = 1 for all § € Fx. Through
the scalar multiplication \g := g* for A € Fa, Fx becomes an Fa-vector space (an infinite
version of the elementary abelian groups from GT). The elements T := xNx with x € X form
a generating set of Fx. Suppose there are pairwise distinct z1,...,2, € X with 1 ..., € Nx.
Let o: X — [Fy with o(z1) =1 and o(z;) =0fori =2,...,n. Let 5: Fx — F3 be the extension
of . Because of 5(g?) = 26(g) = 0 and 7([g, h]) = 5(g9) + (k) —5(g) — 7(h) = 0, it follows that
x1 ...z, € Nx C Ker(c). This contradicts o(z1 ...x,) = o(x1) = 1. Thus ;1 ...2, ¢ Nx. This
shows that {Z : x € X} is a basis of Fx. Thus it follows that |X| = dim Fy = dim Fy = |Y|

(ii) Follows as in (only the universal property is used). O

Definition 1.6. If F' is free w.r.t. X, then rk F' := | X]| is called the rank of F. According to
there is up to isomorphism only one free group of rank r» € N. We denote this by F,.

Lemma 1.7 (cf. GT-Exercise 60). Every word w € W is equivalent to exactly one reduced word w € W.

Proof (VAN DER WAERDEN). We already know that w is equivalent to at least one reduced word. For
uniqueness, let R C W be the set of all reduced words. For r = z{* ...z € R and x € X let

€1 € 3 —€1
S {xwl ayr i #Fx]

€ 3 — €
xyt . ooxgr ifx=a .

Obviously = induces a permutation o(x) € Sym(R) with inverse map o(z~!). By the universal property,
o extends to an action Fy — Sym(R). For equivalent reduced words v, w € R it holds that

o= =M1 =y, O

Remark 1.8.
. . . 71 71 .
- b T 9 .
(i) For r > 2, F,. is non-abelian, because zyz~ 'y~ " # 1 is reduced for = # y

(i) Let w = z{' ...z € W be reduced with finite order k in Fx. By conjugating with x; € if
necessary, one can assume z7" # x, . Then wk is also reduced and it follows that w = 1. Thus
F, is torsion-free.

Corollay 1.9. If F is free w.r.t. X C F, then every element of F' can be uniquely written in the form
an

z{' .. xlr, where n € No, x1,...,xy € X with x; # xipq fori=1,...,n—1 and a1, ...,a, € Z\ {0}.
In particular, F = (X).

4 . . . .
requires the axiom of choice if | X| = co



Proof. Wlog. let ' = Fx. Every element can be uniquely written in reduced form according to

By collecting identical letters, one obtains a representation in the desired form. O

Remark 1.10. According to Cayley, every group is isomorphic to a subgroup of a symmetric group.
Free groups possess a dual property.

Theorem 1.11. Every group G is isomorphic to a factor group of a free group F'. If G can be generated
by n elements, then one can choose Tk F' = n.

Proof. Let X be a generating set of G (if necessary X = G). Then the inclusion X — G can be
extended to an epimorphism Fx — G. The claim follows from the homomorphism theorem. 0

=(3) (2 0)

We show that G := (a,b) < GL(2,Q) is free w.r.t. {a,b}. For this, let X = {z,y} and ¢: Fx — G
be the epimorphism with ¢(x) = a and ¢(y) = b. Suppose there exists a non-trivial reduced word

Example 1.12. Let

w = 2N 2k e Ker(p) with z1,...,2, € X and ky,...,k, € Z\ {0}. After conjugation, we can
assume 2z, = x and k, > 0. Then 1 = p(w) = ...a*—2bF-1g% holds. For k € Z, we have
k. (1 2k L. (1 0
“'_<01’ = ok 1
(induction on k). Let
Vo i={(s,t) € Q*: |s| > |t|}, Ve = {(s,t) € Q*: |s| < |t]}.

For v := (1,1) € Q?, we have a*v = (2k, + 1,1) € V& because k,, > 0. For v = (s,t) € V&, we have
b1y = (5,2k,_15 + 1) € Vo, since [2kn_15 + t| > 2|kn_1||s| — |t| > |s| (triangle inequality) because
kn—_1 # 0. Analogously, a*—2v € V& for v € V. etec. This yields the contradiction

— — k‘n72 knfl kn
) - ) e 9 > .
(1,1) = p(w)(1,1) a™=2pn-tgtn(1,1) € Vo U Ve

Thus ¢ is injective and G = F'x =2 Fy.

Remark 1.13.
(i) Let X be a generating set for G and o: Fx — G with o(z) = x as in|Theorem 1.11] The elements

in Ker(o) are called relators for G w.r.t. X. For z{* ... x5 € Ker(o), we thus have 27! ...z =1
in G. An equation of this form is called a relation for G w.r.t. X.

(ii) Conversely, let R C Fx. Let N := (R)fX := (jRg™' : g € Fx) < Fx be the normal closure of R
in Fx. We set
Gi= (X | R)=(X|{r=1:r€R})=Fy/N.

One often identifies letters x € X with their cosets N € G (in general not injective!). If | X| +
|R| < oo, then G is called finitely presented. In this way, every group can be described by
generators and relations (this corresponds to the statement that every vector space is the solution
set of a system of linear equations). In general, however, it is difficult to read off the properties
of G from X and R.

5This argument is called the Ping-Pong Lemma.




Example 1.14.
(i) (X | @) = Fx.
(i) (x]a™) =(z|a"=1) ZZ/nZ = C,.

(ili) Every finite group G is finitely presented: Let X := {z,: g € G}, R := {xgxhac;hl :g,h € G} and
N := (R)Fx. Then there exists an epimorphism ¢: Fx — G with ¢(x,) = g and R C Ker(y).

Because of Ker(p) < Fx, it follows that N C Ker(¢). Conversely, let w := zg! ... 25" € Ker(yp).

Because of x1 = z1z127" € R and zyz,127' € R, we have zyz,1 € (R) and )t =
(mod N) . It follows that

g1
W=Tgar .o Tgen = Tgeagalyes . = Tga g =21 =1 (mod N).
Thus Ker(¢) C N and G = (X | R).
Theorem 1.15 (VON DycK). Let G = (z; : i € I) and H = (y; : i € I) be groups, such that for

every relation x i =1 14n G, the relation yZ . yf: = 1 also holds in H. Then there exists an
epimorphism G —> H wzth f(z;) =vy; foriel.

Proof. By the universal property, there exist epimorphisms fg: Fr — G and fy: F; — H with
fa(i) = x; and fy(i) = y; for i € I. By assumption, Ker(fg) < Ker(fy) holds. Thus

G = Fi/Ker(fa) — (Fi/Ker(fc))/(Ker(fu)/Ker(fa)) = Fr/Ker(fu) = H

is the desired epimorphism. O

Remark 1.16. One can use von Dyck’s theorem to approximate opaque group presentations by known
groups.

Example 1.17.

(i) Let G := (z1,..., 2y | [xi, 2] = 1 Vi, 7). Obviously G is abelian and every element in G has the

form x7'...z% with a1,...,a, € Z. Now let H := (y1) & ... & (yn) = CZ. By [Theorem 1.15|

there exists an epimorphism f: G — H with f(x;) = y; for i = 1,...,n. Obviously f is also
injective and G = H = CZ. This also shows F,/F, = CL.

(ii) Let G = (z,y) with  # y and |[(z)| = |(y)| = 2. Then G consists of the elements of the form
xyxy ... and yryx.... If G is finite, then n := |(zy)| € N holds and every element has the form
2 (zy)? with 0 <i <1 and 0 <j <n — 1. Then it follows that

G = Dy, i={(o,7|o"=12=1, ror =0 1),

where Dy = C3.

Remark 1.18 (GAP).



F:=FreeGroup("x","y");; #the double semicolon suppresses the output
Ass1gnGeneratorVar1ables(F),,

G:=F/[x~2,y"3, (x*y)~5]; #finitely presented group

Size(G);

H:=Image (IsomorphismPermGroup(G)); #isomorphic permutation group (more efficient)
StructureDescription(H) ;

#The reverse way:
G:=Image (IsomorphismFpGroup(H));; #isomorphic finitely presented group
Relators0fFpGroup(G); #new relations

#Calculating in the free group:

x:=(1,2,3,4,5,6,7,8,9,10,11);; y:=(3,7,11,8) (4,10,5,6);; #permutations of Si;
G:=Group(x,y);;

epi:=GroupHomomorphismByImages (F,G,Generators0fGroup(F), [x,y]);

z:=Random(G) ;

PreImagesRepresentative(epi,z); #representation of z as a word in z,y

Theorem 1.19 (NEUMANN). Let G be finitely presented and X an arbitrary generating set of G. Then
there exists a finite presentation G = (Xo | R) with X9 C X.

Proof. Let G = (y1,...,Yn | S1,...,5m) be a finite presentation. Each y; can be expressed by finitely
many x € X, say y; = w;(x). Therefore, there exists a finite subset Xo = {x1,...,2x} € X with
G = (Xj). Conversely, the x; can be expressed by y;, say ; = v;(y). One obtains the following
relations in Xj:

si(wi(x),...,wy(z)) =1, x; = vi(wi(x), ..., wy(x)).

Let R be the set of these relators and H := (X | R). By von Dyck, there exists an epimorphism
p: H — G with ¢(z;) = z; for i = 1,...,k. One can now define y; := w;(z) in H. Because of
z; = vi(y1,...,Yn), it follows that H = (y1,...,yn). Since the relations in s; also hold in H, there
exists an epimorphism t: G — H with ¢(y;) = y; for i = 1,...,n. Because of

Y(p(x:) = P(xi) = P(vi(y)) = vily) = 4,
e(¥(yi) = o(yi) = p(wi(z)) = wi(z) = y;i

o and v are mutually inverse isomorphisms. O
Theorem 1.20 (HALL). Let N < G. If N and G/N are finitely presented, then so is G.

Proof. Let N = (x1,...,2y | T1,...,7m) and G/N = (y1N,...,yxN | s1,...,s;). Certainly G =
(1., Tn,Y1,---,Yk). Because of s;(y) € N, relations s;(y) = t;(xz) hold. The normal subgroup
property can be expressed by relations y;z;y,” - uij(z) and y; la;jyi = v;;(x). We define

H = (21, &y Yty uk | Vi 7 risi(y)ti(@) ™ g (@)yir gt vig(2)y; oy ).

Then there exists an epimorphism ¢: H — G with p(z;) = x; and ¢(y;) = y;. Let N = (z1,...,2,) <
H. The relations u;; and v;; show N < H. For h € N NnKer(p) it holds that h € (r1,...,7,)FX. This
shows h = 1 and N N Ker(¢) = 1. Obviously ¢ induces an epimorphism @: H /N — G/N with
@(yzN) = y;IN. The relations 74, ¢;, u;; and v;; become trivial in H/N Thus H/N and G/N satisfy the
same relations (s;(y) = 1) and @ is an isomorphism. For h € Ker(y) it holds that AN € Ker(p) = 1,
so h € N NKer(p) = 1. Thus ¢ is an isomorphism. O



Theorem 1.21. Let G = (X | R) with X = {z1,...,zn} and R = {r1,...,rx}. Fori=1,...,n let
r; = i .. a%n (mod FY). Let dy | ... | d; be the elementary divisors of A = (a;j) € Z™*, where
l:=min{n, k}. Then G/G' ZZ/d\Z x ... x L/d)Z x Z"7". In particular, |G| = |G/G'| = o0 if k < n.

Proof. Let F := Fx. According to [Example 1.17} F//F’ is a free abelian group of rank n. For N :=
(rF':r e R) < F/F'"it now holds that G/G' = (F/F')/N 2 Z/d\Z x ... x ZL]dZ. O

Remark 1.22.

(i) According to [Theorem 1.21} one can algorithmically decide whether a finitely presented group is
perfect (nevertheless, one does not know whether the group is trivial).

(ii) Only few finite groups G = (X | R) with |X| = |R| are known (for example Q2n according to
H It is even conjectured that every such group can be generated by three elements.
This was proven for p-groups (cf. [Theorem 5.25| and [Exercise 22)).

Example 1.23. Let G = (z,y | 22 = 3> = (2y)” = 1). Then one obtains the matrix

20 11 1 1 10
A=10 3| ~12 0] ~|0 2] ~1]0 1
77 0 3 0 1 00

Thus G = G’ is perfect. One can verify that the matrices

101 010
z={01 0], y=[0 0 1
00 1 100

in GL(3,2) satisfy the relations. Thus G # 1 holds. We will show in [Theorem 10.50| that G is infinite.

Lemma 1.24. Let N be the normal closure of Y C X in Fx. Then Fx /N is free with respect to X \'Y.

Proof. Wlog. let @ #Y C X. Every element of N is a product of elements of the form gwg~' with
w € (Y) and g € Fx. The sum of the exponents of a letter z € X \ 'Y in gwg™! is 0, because x can only
occur in g and g~!. This shows that the map o: X \ Y — F/N, x + xN is injective. We show that
Fx /N is free with respect to o(X \'Y). Let G be an arbitrary group and a: X \' Y — G a function. If

one sets
. 1 ifreY
a(r) = |
alzr) ifzx ¢y

for x € X, one obtains an extension @: X — G of «. Since F' is free with respect to X, there
exists a homomorphism B: F — G with 3(x) = a(z) for all x € X. Obviously, N < Ker(3) then
holds. Therefore, there exists a homomorphism 3: F/N — (F/N)/(Ker(8)/N) — F/Ker(B) — G
with B(o(z)) = a(z) for all z € X \ Y. Now let §': F/N — G be another homomorphism with
B'(o(x)) = a(z) for all z € X \ Y. Because of

FIN=@xN:zeX)=@&N:zeX\Y)=(o(x):z € X\Y)

it then follows immediately that 8 = /3’. O

50ne speaks of a balanced presentation.



Remark 1.25.

(i)

The Cayley graph Q(G, X) of a finitely generated group G = (X | R) is a graph with vertex set
G, such that g,h € G form an edge if and only if g'h € X U X! (by g~ 'h € X one obtains
a directed graph). Obviously, Q(G, X) depends on X. To avoid loops, we assume 1 ¢ X. In any
case, (G, X) is connected and regular (i.e. all vertices have the same number of edges).

A cycle in Q(G, X) corresponds to a reduced word z3' ...z = 1. Therefore, Q(G, X) is a tree
(i.e. acyclic) if and only if G is free with respect to X.

The group G permutes the vertices and edges of Q(G, X) by left multiplication. Therefore, G
is a subgroup of Aut(2(G,X)). On this basis, it can be shown that every finite group is the
automorphism group of a graph (FRUCHT’s theoremlzl).

According to the Euler-Hierholzer theorem, (G, X) is Eulerian if and only if | X U X ~!| is even.
This means there is a closed path that visits every edge of Q(G, X)) exactly once. The open Lovész
conjecture states that (G, X) is Hamiltonian for 2 < |G| < oco. This means there is a closed
path that visits every vertex of Q(G, X)) exactly once.

If G is finite, the eigenvalues of the adjacency matrix of Q(G, X) can be investigated. It can be
shown that they are closely related to the values of the complex irreducible characters of G.

Example 1.26.

(i)

(i)

The Cayley graph of G = (z | ") w.r.t. X = {x} is an n-gon. If one chooses X = G, one obtains
the complete graph with n vertices.

Let G = Da, be generated by two reflections X = {x,y}. Then Q(G, X) is a 2n-gon just like
for Cy,,. The Cayley graph thus does not determine whether G is abelian. If one chooses instead
X = {z,z} with a rotation z by 360°/n, one obtains (with n = 10):

The two circles correspond to the cosets (z) and z(z).

"See |Algebra notes

10
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(iii) The Cayley graph of F, can be drawn (approximately) as a fractal:
A
%%
T
—
T+
A
e e
%
N
i}% g

Fily,

s
T ﬁ,

Interactive examples can be found at https://juliapoo.github.io/Cayley-Graph-Plotting/.

AT
i ¥ %%'ﬂ
o

i

s

T

(iv) Let G = (X) be the group of the 3 x 3 x 3 Rubik’s Cube and X the set of 90° and 180° rotations
of the six faces. Then God’s Number (20) is the diameter of Q(G, X), i.e., the maximal length of
a cycle-free path (see Christmas lecture Group Theory).

Remark 1.27 (GAP).

LoadPackage ("grape",false);
G:=AlternatingGroup(5);;
Y:=[(1,2,3),(3,4,5)];; #X is read-only
C:=CayleyGraph(G,Y); #replaces Y by YUY !
Diameter(C);

LoadPackage ("hap",false); #loads further packages

G:=DihedralGroup(22);;

Y:=Generators0fGroup(G) ;

CayleyGraphOfGroupDisplay(G,Y,"chromium"); #display in browser chromium, requires GraphViz

2 Subgroups of free groups

Remark 2.1. We already know that every group is a subgroup (resp. factor group) of a symmetric
(resp. free) group. The factor groups of a finite symmetric group are themselves symmetric (since A,
is simple for n > 5). Dually to this, we show that the subgroups of a free group are themselves free.
We start with a variation of the universal property.

Lemma 2.2 (STEINBERG). A group F is free w.r.t. X C F if and only if for every non-empty set §2
and every map o: X — Sym(Q2) there exists exactly one action F' — Sym(Q)) with *w = o(x)(w) for
allx € X and w € Q.

11
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Proof. If F is free w.r.t. X, then o can be extended to an action with the specified property according
to the universal property. For the converse, we first show F' = (X). The map o: X — Sym((X)) by
left multiplication (i.e., o(z)(y) = xy) can be extended to an action p: F' — Sym((X)). However,
one can also consider o: X — Sym(F') and, due to uniqueness, obtains exactly the same extension
p: F'— Sym(F). Since the action by left multiplication is transitive, it follows that (X) = F.

Now let a group G and a map o: X — G be given. Let 7: G — Sym(G) be the monomorphism from
Cayley’s Theorem. By assumption, there exists exactly one action p: F' — Sym(G) with p(x) = 7(o(z))
for all # € X. Here, p(F) = p({X)) < 7(G) holds. Clearly, 771p: F — G is a homomorphism that
extends 0. If v: F' — G is also an extension of o, then 7y = p by assumption. This shows v = 771p. O

Definition 2.3. Let F be free w.r.t. X C F and G < F. A Schreier transversal for G is a system of
representatives S for F'//G with the following property: If z¢s € S is reduced with x € X and € = %1,
then s € S also holds.

Lemma 2.4. Fvery subgroup of a free group possesses a Schreier transversal.

Proof. Let F be free w.r.t. X C F and G < F'. Let the length of a coset aG be the minimal length of
a reduced word in aG. We construct a Schreier transversal S of G by induction on the length of the
cosets. Obviously, 1G is the only coset with length 0. Thus, let 1 € S. Now let aG have length [ > 1.
Suppose a has length [. Let a = xb be reduced with x € X and ¢ = 4+1. By induction, there exists
s € § with sG = bG. We choose z¢s € S as the representative of aG. Clearly, a Schreier transversal is
formed in this way. O

Theorem 2.5 (NIELSEN-SCHREIER). Subgroups of free groups are free.

Proof. Let F be free wr.t. X C F and G < F. Let T be a Schreier transversal of G. For a € F let
a € T with aG = aG. We show using that G is free w.r.t.

Y = {(zt) tat : (2,t) € (X,T), at # 2t} CG.

For this, let 0: Y — Sym(£2) be an arbitrary map. We extend o by the rule o(1) := idg. The map
fi X = Sym(Qx T) with f(2)(w,t) = (o((z) ‘ot)(w), 7f) extends to an action f: F — Sym(Q x T).
We show that the restriction 6: G — Sym(Q2 x {1}) of f is the unique homomorphic extension of o.
We first show !(w,1) = (w,t) for all t € T. This is clear for ¢ = 1. So let t = xs be reduced with
x € X, e ==+1. Since T is a Schreier transversal, s € T' holds. By induction on the length of ¢ we can
assume *(w, 1) = (w, s). In the case € = 1 it follows that

(w,1) = *(w,5) = (0((@3) " 'as)(w), 1) = (0(1)(w), 1) = (w,1).
Now let € = —1. Then *(w,t) = (o((xt) " 1at)(w), 2t) = (w, s) and

Hw, ) =" 5w, 1) =" (w,s) = (w,1).

Now let y := (zf) "'zt € Y be arbitrary. Then

w,1) ="(w,t) = (o(y)(w), 1) = "(o(y)(w), 1)
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and o(y) = o(y). Thus o is an extension of o. Let 7: G — Sym(Q) also be an extension. Then
p: F — Sym(Q x T) with p(a)(w,t) := (7((at) " tat)(w), at) is an action, because for a,b € F andt € T
we have

(p(a)p(b))(w, t) = pla)(r((bt) ~"bt) (w), bt) = (7((abt) " abt)(r((bt)~'bt)(w)), abt)
= (7((abt)"tabt)(w), abt) = p(ab)(w, ).

For x € X we have

p)(w,t) = (r((@D) " at)(w), 2t) = (o((@t) " 'at) (W), 2t) = "(w, t).

Because of F' = (X)), p thus coincides with the action defined above. In particular, 7 = 7. O

Remark 2.6. For vector spaces (or free abelian groups) U < V' it is well known that dim U < dim V.
For free groups this is completely false.

Theorem 2.7 (SCHREIER’s Formula). If F' is free and G < F with |F : G| < oo, then

Irk(G) = |F : G|(rk(F) — 1) + .|

Proof. Tt suffices to determine the cardinality of the set Y in Let s,t € T and z,y € X
with
(xt) 't = (y5) 'ys # 1.

Then xt,ys ¢ T. Since T is a Schreier transversal, xt and ys must be reduced. Suppose xt = xt’ is
reduced. Then it follows t' € T with

G =2z 2t'G = 27 '5tG = 7 2tG = G,

thus ¢t = ¢’. This contradicts the choice of x and ¢. Therefore, xt does not begin with x. Consequently,
x cannot cancel out from (z) ~!zt. Analogously, y does not cancel out from (78) 'ys. Since xt and ys
are reduced, xt must occur at the end of ys (or ys at the end of xt). If at were actually shorter than
ys, then xt would already occur in s and one obtains the contradiction xt € T'. Thus xt = ys and it
follows (z,t) = (y, s). The listed elements of Y are therefore pairwise distinct.

Now let t € T\ {1}. Let t = z°s in reduced form with x € X and ¢ = £1. Since T is a Schreier
transversal, s € T holds. In the case ¢ = 1, zs € T and otherwise xt € T. Therefore, each ¢t # 1
determines exactly one pair (2/,t') € X x T with 2/t € T. Conversely, every such pair arises in this
way. This yields

Y|=|XxT|—|T\{1}=|T|(|X|-1)+1=|F:G|xk(F)—-1)+1. O

Example 2.8. Let Fb = (x,%) and let N be the normal closure of {22, y2, (xy)?} in Fy. According to
Example 1.17, F5/N is the Klein four-group. According to Schreier’s formula, tk N =4(2—-1)+1 = 5.
We choose the Schreier transversal {1,z,y,zy} of N in F and calculate

1 1

?y, () yy = v°,
v tyz, (yay) tyry = v lyay

rx = 2, (TTY) Taxy =y~
1

(zT)~
(7z) gz =y~

1 1

Thus N is free with respect to {22, 32, vy~ 122y, vy~ to~tyz, 2 tyzy}.
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Corollay 2.9. The group Fy possesses (free) subgroups of every finite or countable rank. For every
countable group G there exist N < H < Fy with G = H/N (cf.|Theorem 11.25).

Proof. Let Fy = (z,y). Then G := (z) < F with rkG = 1 (Schreier’s formula does not apply here
because of |F : G| = c0). For n € N there exists N < F with F/N = C,, according to [Theorem 1.11]
Schreier’s formula shows tk N = n + 1. Finally, let N := F’ = [F, F]. According to [Example 1.17]
F/N = 72. Therefore, the elements 2% with a,b € Z form a Schreier transversal of N in F. The set

Y constructed in the proof of[Theorem 2.5|includes the pairwise distinct reduced words (yxy?)tyzy® =
y~ b1z~ lyxy? with b € Z. Therefore, tk N = co. The second statement follows from [Theorem 1.11] O

Remark 2.10.

(i) The proof of [Corollay 2.9 shows that not every subgroup of a finitely generated group must be
finitely generated (rk(Fj) = 00).

(ii) F:=FreeGroup("x","y");;
AssignGeneratorVariables(F);;
H:=Subgroup(F, [x~2,y"3, (x*y)~5]);;
IsFreeGroup(H);

Rank(H); #=3

FreeGenerators0fGroup (H) ;

Index(F,H); #= 00

N:=NormalClosure(F,H);;

Index(F,N); #= 60

GeneratorsOfGroup(N);; #speeds up next command
Rank (N) ;

Theorem 2.11. If G is finitely generated and H < G with |G : H| < oo, then H is also finitely
generated.

Proof. Let X = X! be a finite generating set of G and R a transversal for G/H with 1 € R. For
z € X and r € R there exist a(z,r) € H and y(z,r) € R with zr = y(z,r)a(z,r). Every element in
H has the form h = z1...x, with z1,..., 2, € X. It holds that

h=z1...xpl =21 ... p_1Y(Tp, Da(xn, 1) = 21... xpn_2y(®n—1,7(Tn, 1)) (xpn_1,7(xn, 1))a(zp, 1)
=...=7v(x1,..)a(z1,...)...a(zp, 1).

Because h € H, it follows that y(x1,...) = 1. Thus H = (a(z,r) : x € X,r € R). O

Remark 2.12. The proof of [Theorem 2.11|shows that one can generate H with |G : H||X| elements.
The next theorem gives an optimal estimate.

Theorem 2.13 (REIDEMEISTER-SCHREIER). Let G = (X | R) be a group and H < G. Then a
presentation H = (Y | S) can be derived from X and R. In the case |G : H| < oo, it holds that
Y| <|G:H|(|X|-1)+1 and |S| < |G : H||R|.

H=¢ Y(H) < F.Then |F: H |F/N : H/N| = |G : H|. Let T be a Schreier transversal of H in
F. As in the proof of [Theorem 2.5 H is free with respect to

Y = {yu = (wt) tat i (x,t) € (X, T),yat # 1} C H.

Proof. Let F':= Fx and N := (R\YF < F. Let ¢: F — G be the epimorphism with Ker(p) = N. Let
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In particular, (p(Y)) = ¢(H) = H. Additionally, let

—q—1.—1 1 -1 —1
Yp1p = (x71t) Tt = (¢ Twa ) =Y,

For a reduced word w := ' ...z5 € F, let

V(W) =Y e TY w1 e e Yoo a1 € H
z;",mil...xnn_ll :):nn_ll, il...xn"_; ry?z el

be awordin Y. Let S := {¢(t~'rt) : t € T,r € R}. We show H = (Y | S). For this, let M := (S)" <H.
First, we verify 1)(w) = w~'w for w € F by induction on |w|. This is clear for |w| < 1. Now let w = zz¢
be reduced. Then
Y(w) = yee z0(2) = (%) 2z - 772 = T .

For h € H, it follows that ¢)(h) = (h)~*h = h. In particular, 1)(t~'rt) = t "'t € N forr € Rand t € T.
Thus S € N and M C N because N < H . For the reverse inclusion, it suffices to show ¢~ 'rg € M for
g€ Fandr e R. Let g=th witht € T and h € H. Then g~ lrg = h='t"'rth = h='4(t"'rt)h € M.
Thus H = H/N = H/M = (Y | ).

The second assertion follows from Schreier’s formula and the construction of S. ]

Remark 2.14 (GAP).

G:=SymmetricGroup(6);;

FG:=Image (IsomorphismFpGroup(G));;

FH:=DerivedSubgroup(FG);; #= Ag

P:=PresentationSubgroup(FG,FH,"y"); #Presentation with generators y;
TzPrintPresentation(P); #Statistics about generators and relations

Theorem 2.15 (COXETER-TODD algorithm). Let G = (X | R) be finitely presented and H < G with
|G : H| < co. Then there exists an algorithm that determines the action of G on G/H. In particular,
|G : H| can be calculated from a generating set of H.

Sketch of proof. By Reidemeister-Schreier, there exists a finite generating system Y of H. Let G/H =
{H=H,...,H,}.Fory =a' ...} € Yiett, = (t1,...,t) witha ...z} H = Hy, fori =1,... k.
Because of y € H, t; = 1. For r = 27 ... 2" € R let T, = (t;5) € N with gém .a;'Hy = Hy,,, for
m=1,...,l. Because of r = 1in G, t;; =i fori=1,...,n. We fill the vectors ¢, (y € Y') and matrices
T, (r € R) from left to right and from top to bottom by assigning new cosets and taking all logical
consequences into account. For each new coset, a new row is added in 7. Because of |G : H| < oo,
eventually all entries in ¢, and T} are filled. Furthermore, every x € X occurs in an » € R or in a
generator of H. In this way, one can read off the action of G on G/H. Since G acts transitively, all
cosets actually appear in the tables, d.h. one can read off n = |G : H|. O

Example 2.16. Let G = (z,y | 23 = y° = (2y)*> = 1) and H := (y). The vector ¢, = (1) contains no
information here. The first row of T5 is (1,1,1,1,1). The definition Hy := 1 H, = 22H yields the
following entries in T3, Tys and T,,)e2:

x

— <
=<
=<
=<

x
2

N 8
N =
N |8
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Now let H3 := 2 'Hy = xH. Then +'H3 = Hy and y*Hy =y ‘o~ 'H = xyH = Hs.

r xr T Yy ¥y yuyy ry x y
1 2 3 11111 1 2 31
2 31 2 3 2 3

3 1 2 3 3 1 1 2

We further define Hy := y ' Hs, Hs := 2 'Hy, Hg .=y 'Hy, Hy := 2~ ' Hj etc.

T Yy x y
r T x vy oy oy oy 1 2 3 1
1 2 3 1 1 1 1 1 2 3 4 5
4 5 7 2 3 4 6 5 5 7 8 6
6 9 8 7T 8 10 11 9 6 9 7 4
10 11 12 12 12 12 12 12 9 8 10 11

11 12 12 10

(redundant rows were deleted). One can now read off |G| = |G : H||H| = 12|H| < 60. Indeed,
the permutations x = (1,2,3) and y := (1,4,3,5,2) in As satisfy the relations. By von-Dyck, G =
((1,2,3),(1,4,3,5,2)) = As.

Remark 2.17 (GAP).

F:=FreeGroup(2);;

G:=F/[F.1"3,F.2"°5,(F.1%F.2)"2];; #F.n is the n-th generator
H:=Subgroup(G, [G.2]) ;;

CT:=CosetTable(G,H);;

Display(TransposedMat(CT)); #only columns F.1*! and F.2%!
f:=FactorCosetAction(G,H); #action on G/H
StructureDescription(Image(f)); #corresponding permutation group

G:=F/[F.1~2,F.2"3, (F.1%F.2)~7];;
CT:=CosetTable(G,TrivialSubgroup(G));; #quits after 4096000 cosets (|G|= c0)

For more complicated examples and better graphical implementation, one can use the packages ACE or
ICT (requires xgap). On the cover, the table for Ag < My, is given.

Theorem 2.18 (MOORE). Forn > 2, it holds that

Sp 2 {1,y | 1 =27 = (zjm41)° = (wpmy)? for k <1—1).

Proof. Let G be the group on the right side. For n = 2, G =2 (Cy = Sy holds. So let n > 2 and
H := (z1,...,2y—2) < G. By induction, H is a factor group of S,,_;. In particular, |H| < (n —1)!. We
show that G permutes the following cosets:

H, .CCn_lH, xn_gxn_lH, SN 1% .Jjn_lH.
Certainly,

xi(xi:ci_,_l e l‘n_l.H) = Ti41 - - .xn_1H,

Tic1(TiTip1 ... pn1H) = zjqx; ... xp_1H.

16



For j <i—1, z;z; = (z;2;) "' = z;2; holds and
Qj‘j(aj‘iﬂj‘prl e -fnle) = XiTj41 - - aj‘nfl.l‘jH = TiTj41 - - l‘nle-
Now let j > i. Because of (:L'j_l.ilfj)3 =1, zj_1zjxj_1 = xjxj_12; holds. It follows that

xj(a:ixiﬂ N .%'n_lH) = Ti... xj_g(xjxj_lxj)xj+1 e a:n_lH = T;.. .xj_Q(xj_lxjxj_l)xj+1 e {Bn_lH
=T;... xn_lxj_lH =T;... l’n_lH.
Since G generally operates transitively on G/H, |G : H| < n and |G| < n! holds.

Conversely, the transpositions a := (i,4 4+ 1) € S, for i = 1,...,n — 1 satisfy the same relations and

because of S, = (z/,...,z],_;), the assertion follows. O

Theorem 2.19 (MOORE). For n > 2, it holds that

A= (21, g |1=ad =23 = ... =22 5 = (zxi11)® = (wpa))?® for k<1 —1).

Proof. Let G again be the right side. For n < 3 the claim holds. Let n > 4 and H := (z1,...,2,-3) < G.
By induction [H| < 2(n — 1)!. We show that G permutes the following n cosets

2
HoxpnoH xp_3xnoH,...,z1...cp—oH,z722... xp_oH.

As long as no x; is involved, this proceeds as in [Theorem 2.18| For i > 3 we have x1x; = xixl_l and

+1
T1Ti .. TpoH =25 .. xp 907 H=1x;...0,_2H,

xixflxg e Tp_oH = xflxixg . Tp_oH = xljleg . Tp_oH.

From (z122)% = 1 it follows that zom20 = :cflxga:fl and

xgxfl e Tp_oH = :vflmgxlﬂ:vg e Xp_oH = xflxg . Tp_oH.
As in [Theorem 2.18| one obtains |G| < n|H| < |A,|. Conversely, the elements =1 = (1,2,3), z; =
(1,2)(i+1,i+2) (i =2,...,n—2) of A, satisfy the given relations. O

Remark 2.20. GURALNICK-KANTOR-KASSABOV-LUBOTZKY have shown that one can present all
symmetric and alternating groups with two generators and eight relations (or three generators and
seven relationsﬁ).

Definition 2.21. A reduced word zi' ...z of a free group is called cyclically reduced, if x7* # x,, .

Remark 2.22. For a group (X | r) with only one relation, one can always assume after conjugation
that r is cyclically reduced. The following generalization of now holds.

Theorem 2.23 (MAGNUS’ Freiheitssatz). Let G = (X | r), where r is cyclically reduced. If v € X
occurs in r, then (X \ {z}) < G is free w.r.t. X \ {z}.

Proof. See Theorem 7.1 in [Camps et al., Einfihrung in die kombinatorische und geometrische Grup-
pentheorie, Heldermann Verlag, Lemgo, 2008] O

8The presentation was flawed and was corrected by HUXFORD.
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3 Automorphisms of free groups

Definition 3.1. Let X C X’ be alphabets and R C Fx with normal closure N < F. The transforma-
tions

e (X,R) = (X,RU{r}) withr € N\ R,
e (X,R)— (XU{z},RU{z " w}) with z € X'\ X and w € Fx

and their inverse mappings are called Tietze transformations.

Theorem 3.2. Two finitely presented groups (X1 | R1) and (Xo | Ra) are isomorphic if and only if
one can transform (X1, Ry) into (Xo, R2) by finitely many Tietze transformations.

Proof. Wlog. let X1N Xy = @. Let F; := Fy, and N; := <RZ>F1 < F;. For r € N;, it certainly holds that
(R U{r})fi = N; and G; = (X; | R;) = (X; | R;U{r}). Now let € X'\ X; and w € F;. Then there
exists an epimorphism ¢: Fx, () — Gi with ¢(2;) = 2;N; for ; € X; and ¢(z) = wN;. Obviously,

N! = (R; U {z tw})xivt=}r C Ker(yp).

Conversely, let y := yi' ...y € Ker(p) with y1,...,yn € XU {z}. Let k:= {1 < j <n:y; =}
If k=0, then y € Ker(¢) N F; = N; C N/. Now let k£ > 0. To show y € N/, we can assume y5" = x
after conjugation. It then suffices to show yz~'w € N/, but this follows by induction on k. Thus
Ker(o) = N/ and G; = (X; U {2} | R; U {z~ w}). If (X1 | R1) can be transformed into (X2 | R2) by
Tietze transformations, then G; and Gy are isomorphic (for this, no finite presentation is needed).

Conversely, let G := G1 = G». Then there exist epimorphisms ¢;: F; — G with kernel N; for i =1, 2.
Let X := XjUX>3 and F := Fx. Then there exists a homomorphism ¢: F' — G that extends ¢; and 3.
For z € X1, we choose w, € Fy with ¢(z) = p2(ws) = p(wy). Let S = {s; ;=2 w, 12 € X1} C F.
We define Sy analogously. By an obvious (finite) sequence of Tietze transformations, we transform
(X1, Ry) into (X, Ry U Sy). Certainly N := (R; U S2)f" C Ker(p). As above, one shows Ker(¢) C N.
In particular, Ry U S; € N. Thus, one can pass from (X, Ry U S3) to (X, R; U R U S1 U S2) by
Tietze transformations. The situation is now symmetric. Therefore, one can also pass from (Xs, R2) to
(X, R{UR2US1USs). The inverse Tietze transformations finally transform (X7, Ry) into (Xg, R2). O

Remark 3.3. The commands
SimplifyPresentation (= TzGo), SimplifiedFpGroup, IsomorphismSimplifiedFpGroup

implicitly perform Tietze transformations to simplify a finite presentation (X | R), i.e. |X|, |R|, and
> rerl(r) are minimized. However, the transformations can also be applied specifically.

G:=PerfectGroup(768000,10); #perfect group from database

H:=Image (IsomorphismFpGroup(G));

P:=PresentationFpGroup(H,2); #presentation, print level=2, so more output
TzGoGo(P); #iterates simplifications with Tietze transformation
TzPrintPresentation(P); #5 generators, 33 relations, total length 224
gen:=SmallGeneratingSet(G); #also works with 2 generators

H:=Image (IsomorphismFpGroupByGenerators(G,gen)); #use these
P:=PresentationFpGroup(H,2);

TzGoGo (P) ;

TzPrintPresentation(P); #2 generators, 59 relations, total length 3220

gen:=GeneratorsOfPresentation(P);
TzSubstitute(P,gen[1]~2%gen[2]); #perform second Tietze transformation with w = z%y
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Definition 3.4. Let F' = Fx and z,y € X with x # y. The automorphisms

x b ifz=x

oy F'— F, zZ ) ,
z ifz#£x

xy ifz==x

oy B — F, zZ
By {z if z#£x

(where z € X) are called Nielsen transformations (note the analogy to the Gaussian algorithm). Let
Auty (F) := (0, Bay : @,y € X,z # y) < Aut(F).

Remark 3.5. For distinct =,y € X we have

ayﬁxyaxﬁya:ayﬂxy(xy y) = ayﬁxya:cﬁyxay(xya y) = ayﬁxyaocﬁyx(xyil

Y)
= ayBayan(y™ Lay ) =a

Ty T = oy Bay (Y 1y syl z) = (y,2).

Thus, every permutation on X can be realized by Nielsen transformations.

Theorem 3.6. Let wy,...,w, € F = Fx and v € Aut(F). Then there exists a 6 € Auty(F) with
d(w;) = y(wy) fori=1,...,n. In particular, Aut(F) = Auty(F) if | X| < cc.

Proof. Let Y C X with |Y| < oo and wy,...,w, € Fy. It suffices to construct a § € Auty(F)
with y(y) = d(y) for all y € Y. Because of (y"1(X)) = F, there exists a finite subset Z C X with
Y C (y"1(Z)). We can assume Y C Z = {x1,...,7,}. Let w; := v~ (z;) be reduced for i = 1,...,n.
Suppose there exist 1 <4, j < n with |w;w;| < |w;|. Obviously then i # j. By replacing v with B;i%cjfy,
wj is replaced by w;w;, while wy, for k # i remains unchanged. In this way, > " | |w;| becomes smaller.
In the case |w;w;| < |wj|, one can analogously perform the transformations w; — w; — w;w; using
We can therefore assume

lwiw;| > max{|w, [w;|}

for 1 < 4,7 < n. This means that at most half of w; and w; can cancel in the product w;w;. Now
assume that i, j, k exist with |wyw;jwy| < |w;| — |w;] + |wg|. Let w; = as™!, w; = sbt™! and wy, = te,
such that w;w; = abt~! and wjwy, = sbc are reduced (note that only half of w; can cancel on the left
and right respectively). It holds that

|a] +1b] + | = [wiwjwg| < fwi| = |w;| + |wk| = |a] = 1b] + ],

d.h. b =1 and |s| = |t|. Because of |w;| = |a| + |s| = |ww;| > |wj| = 25|, it holds that |s| < %|w;|
and analogously |s| < %\wk| We can thus replace w; by w;w; or wy by wjwy (swapping w; and wy,
is feasible) without changing » ", |w;|. For w € Fy, let L(w) be the left subword of w of length
|(Jlw| +1)/2]. Let < be the lexicographical (well-)ordering on Fz with

1

l<a)l<ap1<..<z<m<..<z,<z><z,'zl <...

We write w < v if min{L(w), L(w™!)} < min{L(v), L(v™)} or (min{L(w), L(w™!)} = min{L(v), L(v=1)}
and max{L(w), L(w™!)} < max{L(v), L(v™1)}), where the minimum/maximum is to be taken with
respect to <. If s < ¢ in the above situation, then w;wy, = sc < tc = wy, because L(c™ts™!) = L(c™!) =
L7471, If t < s, then wjw; = at™! < as™! = w;. By suitable Nielsen transformations, we can thus
achieve that the w; are as small as possible with respect to < (since < is a well-ordering, the w; cannot
become arbitrarily small). The property |w;w;| > max{|w;|, |w;|} is preserved. In the end,

lwiwjwg| > [wi| — [wj| + [wy]
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for 1 <4,5,k <n, d.h. w; does not cancel completely in w;w;wy. The same procedure can be carried
out more generally with the elements wgﬂ.
Because of Y C (y71(Z)), every x; € Y can be represented as a product of the wj, say z; = wi Cows

LWy
By construction, however, 1 = |z;| = |w] ... wi"| > k, d.h. #; = wj]. After further Nielsen transfor-
mations as in one finally achieves w; = z; for i =1,...,n. O
Remark 3.7.

(i) NIELSEN has given a finite presentation of Aut(F,,) with respect to the Nielsen transformations.
NEWMAN has shown that one can generate Aut(F,) with only two automorphisms (of infinite
order).

(ii) In GAP one can construct Nielsen transformations as follows:

F:=FreeGroup("x","y");;

AssignGeneratorVariables(F);;

FreeGroupAutomorphismsGeneratorO(F); #Nielsen transformation «,
FreeGroupAutomorphismsGeneratorU(F) ; #0,,

FreeGroupAutomorphismsGeneratorP (F); #(z,y) — (y,x)

A:=AutomorphismGroup (F);; #Aut(F)

iso:=IsomorphismFpGroup(A);; #Isomorphism from A to a finitely presented group
a:=GroupHomomorphismByImages (F,F, [x,y], [x"y,x*y]l); #a € A

a~iso; #a as a word in g, [y and (z,y) — (y,z)

Theorem 3.8. Let ®: Aut(F,) — GL(n,Z), where ®(c);; is the exponent sum of xj in o(x;). Then
D is an epimorphism.
Proof. The map & arises from the restriction

Aut(F,) — Aut(F,/F)) = Aut(Z") = GL(n,Z)

and is therefore a well-defined homomorphism. For surjectivity, it suffices to show that every matrix
A € GL(n,Z) is a product of ®(a,) and (). Left multiplication (or right multiplication) by ® (o)
causes a row (or column) of A to be multiplied by —1. Through ®(/,,) one can add a row (or column)
of A to another row (or column). As in [Remark 3.5 one can also swap rows and columns of A. With
these operations, A can be brought into Smith normal form. Because det A = =+1, all elementary
divisors are 1, i.e., A can be transformed into the identity matrix. O

4 Group Extensions

Remark 4.1. According to the Jordan-Holder theorem, all finite groups (or those possessing a compo-
sition series) are built up from simple groups. The finite simple groups are, as is well known, completely
classified. It remains to investigate how a group is composed of normal subgroups and factor groups.
Definition 4.2.

e A (group) extension of H by N is a short exact sequence of groups

1-N-5G5 H- 1,

ie. N2y(N)<G and G/v(N) = 7(G) :H.ﬂ

9Note: This terminology is not uniform in the literature.
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o We call G a split extension, if a homomorphism p: H — G with 7o p = idy exists. In this case,
p(H) is a complement of v(N) in G and G = N x H. Conversely, every semidirect product is a
split extension.

e Two group extensions G1,Go of H by N are called equivalent, if a homomorphism v: G; — G2
with v owv; = 1p and 7o 0 v = m exists. That is, the following diagram commutes:

G
YRR
N Y
o | A

Go

H

Remark 4.3.

(i) Every group G with normal subgroup N is an extension of H = G/N by N, by choosing the
inclusion for v and the canonical epimorphism for 7.

(ii)) Let G; and G2 be equivalent extensions via v: G; — Ga. Let x € Ker(v). Because of m(x) =
ma(y(x)) = 1, we have z € v1(N), say x = v1(y). From v5(y) = v(v1(y)) = v(z) = 1 it follows that
y = 1 = x. Therefore v is injective. For g € Go there exists © € G with ma(y(x)) = m1(x) = m2(g).
Thus there exists y € N with g7 1y(z) = va(y) = v(v1(y)). This shows g = v(G1) and v is
surjective. Overall G; = G2 holds. The equivalence of groups is therefore an equivalence relation.

(iii) Isomorphic extensions, however, do not have to be equivalent: Let
Gi=Go=(z,y |2t =y* =1, yoy =21 = Dy,

N = (22,y) =2 C3 and H = (wy). Let v1 be the inclusion, vo(2?) = y and v5(y) = 22, Let m and
72 be the canonical epimorphisms. Because of Z(G;) = (22) there can be no v € Aut(G;) with
y(2?) = y(v1(2?)) = va(2?) = y. Nevertheless, it is useful to be able to determine extensions up
to equivalence.

(iv) Let G; and G2 be equivalent extensions of H by N with respect to v: G; — Ga. Suppose G splits
with p1: H — G1 and m1p; = idg. For py := yp: H — G4 we have mapy = moyp1 = mip1 = idy.
Thus G5 also splits.

(v) Without the methods described below, one can construct extensions in GAP with the grpconst
package:

LoadPackage ("grpconst",false) ;

G:=AlternatingGroup(6);; #the package expects a permutation group
up:=UpwardsExtensions(G,2) [2]; #extensions of G by C,

List (up, IdGroup);

P:=DihedralGroup(IsPermGroup,32);;

up:=Cyc1icExtensions(P,2);; #is faster, but does not reduce up to isomorphism
Size(up)=Size(Set (up,IdGroup)); #false, so list is redundant
UpwardsExtensionsNoCentre(G,2); #only works for G =G and Z(G) =1

Definition 4.4. Let H and N be groups. For z € N, let ¢, € Inn(N) be the inner automorphism (i. e.
cz(y) = zyz~1). A pair of maps

a: H— Aut(N), z — oy, ki Hx H— N
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is called a parameter system of H with N if for all z,y, 2z € H the following holds:

° ‘axay = Cr(a,y) Qays ‘

o [z, y)r(ey, 2) = au(sly, ), y2). |

If applicable, « is called an automorphism system and k a factor system. A parameter system (or factor
system) is called normalized if k(z,1) = k(1,2) = 1 for all z € H (in this case oy = idy). Finally,  is
called trivial if k(x,y) =1 for all z,y € G (in this case « is a homomorphism).

Lemma 4.5. Fvery extension of H by N determines a (normalized) parameter system.

Proof. Let N % G 5 H be an extension. For € H we choose # € G with 7(Z) = z and 1 = 1. Then
az: N — N,y v~ YZv(y)Z~!) is an automorphism (note: v is injective) and oy = idy. For z,y € H
we have w(zy) = 2y = 7(Z)7(y) = 7(Zy). Therefore there exists k(z,y) € N with 2y = v(k(x,y))zy.
Here k(z,1) = k(1,2) = 1 holds. For g € N we have

(azay)(9) = ax(v ™ (Gv(9)i ™)) = v @v(9)g i) = v ((k(z, v)Tgv(9)Ty v(k(z,y) ")
= k(z, y)v @y (9)zy E@, )" = Culay)tay(9)-

For x,y,z € H we have

(e, ) (r(ay, 2))T5E = v(n(e,y))T52 = ()7 = 2(52) = Fv(x(y, 2))77
V(e (k(y, 2))) 7 = v

Since v is injective, the claim follows. O

Example 4.6.

(i) If G = N x H, then one can choose & € H in the above proof. One then obtains the trivial factor
system and for a: H — Aut(N) the conjugation action.

(ii) If * € H with 22 # 1, then one can choose x=! = ! in the above proof. One then obtains
k(z,z71) = 1.

(iii) Let G = (z,y) = @s, N = (z) = C4, v the inclusion and H = (z) = C5. We can choose z = y.
One obtains k(z,2) = 22(22)"! =y # 1.

(iv) Let n € Nand H = (z) 2 C, = (a) = N. For i,j € Z let a, = idy and k(2% 27) = a¥
(well-defined!). Then

/ﬁ(:vi,xj)/{(:vi:nj,xk) — Dk — Lk+i(G+k) — n(xj,xk)m(xi,xjwk).

Therefore (o, k) is a normalized parameter system.

Lemma 4.7. FEvery normalized parameter system of H with N determines an extension.
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Proof. Let (a, k) be a normalized parameter system of H with N. We consider the set G = N x H
with the operation

(a,2)(b,y) := (aag(b)r(z,y), zY).
Then

((a,2)(b,y))(c, 2) = (acy y2y)(c, 2) = (e (D)k(2, y)ay (¢)r(y, 2), 2y2)
z,y) " (2, y)k(zy, 2), 7y2)

)
(ay(e) ez (r(y, 2))k(2,y2), 2y2)
)

— (@, 2)(bay(S)(y, 2),52) = (0, 2)((b,9)(c, 2)).
The operation is therefore associative. Since x is normalized, (1,1) is an identity element. Inverse
elements are obtained by

(k(y™ L 9) a1 (0) 7y (0, y) = (k(y ™ y) a1 () a1 (B)R(y )y y) = (1,1).
Thus G is a group. Obviously v: N — G, a + (a,1) is a monomorphism and 7: G — H, (a,x) — x
is an epimorphism with ¥(N) = N x 1 = Ker(r). O
Remark 4.8.
(i) For the trivial factor system, the above proof yields the semidirect product N x H.

(ii) Let (a, k) be a normalized parameter system with o, = idy for all x € H (we write a = 1 for
this). Because of ¢, (3 ) = Cr(a,y)Qay = azy = idy, it follows that k(H x H) <Z(N). Let G be
the corresponding extension and K := ((1,z) : x € H). Because of

(a,2)(1,y)(a,2)"" = (ar(z,y), zy)(s(z " 2) " Ta™h 2™
= (as(@p)s(a ) Lo (ay, e ), 2y ) = (1, 2)(L,y)(1,2)" € K
K <G and NN K < k(H x H) <Z(G) hold. Thus G = N * K is a central product.

Definition 4.9. Two parameter systems («, k), (o', k') are called equivalent, if a map ¢: H — N
exists with

!
® |y = Cp()Qia,

-1

o | K (z,y) = p(x)aw(p(y)r(z, y)p(ry)

for all x,y € H. If applicable, we write (a, k) ~ (¢, k).

Remark 4.10. The maps H — N form a group C'(H, N) w.r.t. (p)(z) := (z)y(z) (x € H), which
is isomorphic to X .y N. We show that ?(a, x) := (o/,«') as in [Definition 4.9| defines an action of
C'(H, N) on the set of parameter systems. First, it must be shown that (o/, ") is a parameter system:

o, ?,J:Cw(x)o‘x%(y)ay :Cw(:v)o‘xcw(y)o‘_lo‘xay = Co(a)Caz(p(y)) Cr(z,y) Yoy :C%’(mvy)o‘;‘y
(@, y)r' (2y, 2) = o(x)az(p(y) 5 (T, y) @y (p(2))K(zy, 2)p(ayz)
= o() e (0(Y)) (Cr(ay) ay) (9(2)) 5 (T, y)R(y, 2)p(xyz) "
= o)z (o(y)) (awey) (9(2))aw(k(y, 2)) 5z, y2)p(zyz) !
= p(x)az(e(y)ay(p(2))k(y, 2))r(z, y2)p(eyz) "
= (Cp(a) @) (K (Y, 2)) (@) (p(y2) ) K, y2)p(2y2)

= o, (' (y, 2))' (2, y2).
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Certainly !(a, k) = (a, k). Let ¢,9 € C*(H, N) with ¥(a, k) = (¢, x"). Then it holds that

Co() X = Co(a) Cip(a) O = Cop(a)p(e) Vo = C(pp)(x) Vs
o(x)al (e()K (z,y)e(zy) " = o(@)Y(x)aw(e(y))aw () sz, y) ¢ (zy) " e(zy)
= (¥) (@) ((9¥) (v)) k2, y) () (zy) .

This shows ¢(¥(a, k)) = ¥¥(a, k). The equivalence classes of parameter systems are thus the orbits
under C*'(H, N). In particular, ~ is an equivalence relation. The number of equivalence classes could
be determined using Burnside’s Lemma.

Lemma 4.11. Every parameter system is equivalent to a normalized parameter system.

Proof. Let (a, k) be an arbitrary parameter system and ¢ := x(1,1) € N. Because of ajoq = ccar, we
have a1 = ¢¢. From

Ch(1-1,2) = an (s(L,2))r(1, 1) = Cr(1, @) R(1, @)
it follows that x(1,x) = ( for allx € H. With k(z, 1)k(z1,1) = az({)k(z, 1-1), we have k(x, 1) = az(().

Now define (1) := ¢! and p(y) := 1 for y € H \ {1}. Then it holds that

z,1)e(2)™! = p(2)as () ax(Qp(z) T = 1,
p(Lar(p(a))r(L,z)p(a) ™ = () p(2) ™ =1

for all x € H. In this way, one obtains an equivalent normalized parameter system. O

S
—~
8
~—
Q
8
S
—~
—_
Nt
A

Lemma 4.12. Equivalent extensions define equivalent parameter systems.

Proof. Let N 2G5 Hand N 2 Gy 22 H be equivalent extensions via v: Gy — Gs. For x € H
let Z € G1 and T € Gy with 71(Z) = x = m2(Z). As in the proof of one obtains parameter
systems (o, ) and (o/, ') with

az(g) = vi (@i (g)i ), w(a,y) = vy @5y ),

o (9) = vy ' (Fra(9)77), W (w,y) = vy (2gay )

for x,y € H and g € N. Because of ma(v(%)) = m1(Z) = x = m2(Z), we can define
plz) = vy (@y(@) ) eN

for x € H. Because of yv; = vy, it holds that ¢(z) = vy ' (v~ 1(2)Z 7). Tt follows that

(Co@x)(9) =i (Y @ ) (@) v (@ @) ) = v (T @ @)

p(@)an(p)k(, y)e(ey) = vt (Y @E Yy (@ (e()d vy Ha@gey ) v @y (@) )

)
=vi ' (v @y @)y @m) ) = v HagEy ) = K (2L y).

Therefore, (o, k) and (¢, k') are equivalent. O
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Lemma 4.13. FEquivalent (normalized) parameter systems define equivalent extensions.

Proof. Let (a, k) and (o, k') be equivalent parameter systems via ¢: H — N. According to|Lemma 4.11
we can assume that both parameter systems are normalized. Then it holds that

1=r(L2) = p(L)ar(p())r(l,2)p(x) " = p(1).

We construct (G1,-) and (Ga,*) as in the proof of Since G and G are equal as sets, we
can define v: G1 — Ga, (a,z) — (ap(x)~!, z). For (a,z), (b,y) € Gy it holds that

Y(a,x) *y(b,y) = (ap(x) ", z) « (bp(y) ", y) = (ap(x) " ol (bp(y) K (z,y), 2y)
= (acy(b (y) Now(e))k(@,y)e(zy) " zy) = (ace(b)k(z, y)p(zy) ", zy)
= y(aaz(b)k(z,y), vy) = v((a, ) - (b,y)),

i.e. v is a homomorphism. Furthermore, it holds that
(v1)(a) = 7(a,1) = (ap(1) "1, 1) = (a,1) = wa(a),
(m27)(a, x) = ma(ap(z)”

Thus G1 and G9 are equivalent. O

Theorem 4.14 (SCHREIER). There is a bijection between the set of equivalence classes of extensions
of H by N and the set of equivalence classes of (normalized) parameter systems of H with N.

Proof. According to [Lemma 4.12] and [Lemma 4.13] there are well-defined maps between the sets of
equivalence classes. We show that they are inverse to each other.

Let the extension N 2 Gy ™% H define the normalized parameter system (a, &) with the elements

T € Gy as in From (o, k) we construct the extension N <% Gy ~% H as in [Lemma 4.7]

Every element in G; can be uniquely written in the form v (a)Z with @ € N and x € H. We define
v: Gy — Ga, vi(a)T — (a,z). For v1(a)z,v1(b)y € G1 we have

()7 -1 (0)§) = v(vi(a)ivi (D)~ - 2§) = vy (vi(a)vi(az (b)) - 1 (k(z,y))Ty)
= (aoz (b)(z,y), zy) = (a,x) x (b,y) = Y(v1(a)Z) * y(v2(b),y),
i.e. v is a homomorphism with
(v1)(a) = y(1(a)1) = (a,1) = wa(a),
(m2y)(v1(a)Z) = ma(a,z) = x = 71 (%) = m1(v1(a)).
Thus G1 and G are equivalent.

Conversely, let first (a, k) be given normalized. We construct the extension G and from it the parameter
system (o, k") by means of the elements & = (1,z) € G for z € H. First, we have

k(z,z7Y) = k(z, 27 Dr(ze™ 2) = ap (ke 2))k(z, 27 12) = ap(k(z™h, 2) (4.1)
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for x € H. From this it follows that

ay(g) = v (@v(g)z™) = v (L 2)(g. D)(L,2)7") = v ((aw(g), 2) (k(a ™ ) 2 ™)

=v
for x,y € H and g € N. This shows (a, k) = (a/, k). O

Remark 4.15. According to the split extensions correspond up to equivalence exactly to
the parameter systems with trivial factor system.

Theorem 4.16. Let H = (z) = C,, and € Aut(N). A parameter system (o, k) with oy = B exists if
and only if there exists an a € N with B(a) = a and " = c,.

Proof. Let (a,k) be a parameter system with a, = . In the case n = 1, the claim holds with
a := k(1,1), because

Q101 = Ck(1,1)01;
K(L 1)H(17 1) = CVl(’%(la 1))’%(17 1)

For n > 2, we may pass to a normalized parameter system without changing a, (see proof of
Lemma 4.11). We construct the corresponding extension G = N x H. For z := (1,z) € G and
b € N, it holds that

Fu(B)E " = (1,2)(0,1)(1,2)"" = (au(b),2)(s(z~ Y, 2)" L2 B2 (au(b),1) = v(B(D)).

Thus = v~ 'eczv. Let (a,1) := #". Then " = yflc(a,l)y = ¢4 and
Bla) =v Y av(a)z ™) = v i@E"s ) = v a,1) = a.
Conversely, let 8" = ¢, and $(a) = a for some a € N. We define a,i := 3" and
W ad) = gL BIEIE
a ifi+j>n
for 0 <i,5 <n —1. Then it holds that
i Qi = /Bl—i-] _ Olzl#.j : C/{(zi,:rj)a:rizj 1f l +] <n,
CaB" T = Cpgi i) Quigs TG 21
and
1 ifi+j54+k<n,
p(at, e k(@ 2"y =La fn<i+j+k<2n,
a®> ifi+j+k>2n.

Because of a,i(a) = B(a) = a, it holds that x(z%, 29)k(2'7,2%) = aui(k(z?, 2F))k(2?, 271F) in all
cases. Thus (a, k) is a parameter system. O
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Example 4.17.

(i) If 8 in the situation of [Theorem 4.16|is an inner automorphism, say 3 = ¢, with b € N, then the
requirements hold with a = ™. Thus there is always an extension such that § is induced by .

(ii) If N is abelian, then the conditions reduce to 5™ = 1. For non-abelian groups, this is not sufficient

(Exercise 17).

Remark 4.18. Let N be abelian. Then the automorphism systems are precisely the homomorphisms
a: H — Aut(N). The corresponding factor systems form a subgroup F,, < C?(H,N) := C*(H x H,N)
(for a fixed «). Furthermore, (a, k) ~ (o/,x) implies @ = «'. One can therefore investigate the
equivalence classes within F,.

Theorem 4.19. Let N be abelian and ov: H — Aut(N) a homomorphism. Then
Py ={keF,:(a,k) ~ (a,1)} < F,.

The equivalence classes of parameter systems with automorphism system « correspond to the elements

of Fy = F,/P,.

Proof. For k,k’ € P, there exist o,1 € C*(H, N) with s(x,y) = o(z)az(0(y))p(ry)~! and &'(x,y) =
V() (Y(y))(zy)~t for o,y € H. Since N is abelian, it follows that

(56") (2, y) = (v)(@)aa((9) (1)) () (2y)

and kK’ € P,. One easily obtains P, < F,. Since C?(H, N) = X wemxn IV is abelian, Py < Fy, holds
and F,, is well-defined. Furthermore,

(k) ~ (o, &) <= Jp € C(H,N)Va,y € H : r(z,y) = o(z)az(p(y))r(z, y)p(zy) "
— JpecCYH,N): k'K € P, &< kP, =FKP,. O

Remark 4.20. Extensions can be calculated on the computer particularly efficiently for polycyclic
groups H. This means that H possesses a subnormal series with cyclic factors. For finite groups,
polycyclic is equivalent to solvable. We furthermore assume that IV is an elementary abelian p-group.
Through the homomorphism a: H — Aut(N), N then becomes an F,H-module.

H:=SymmetricGroup(4);; #permutation group

H:=Image (IsomorphismPcGroup(H));; #isomorphic polycyclic group
IrrM:=IrreducibleModules (H,GF(2),2); #simple FyH-modules of dimension < 2
N:=IrrM[2][2];; #a 2-dimensional simple FyH-module, so N & Cg
ext:=Extensions(H,N); #two extensions of order 96
List(ext,IdGroup); #number in the small groups library
IdGroup(SplitExtension(H,N)); #splitting extension
Fa:=VectorSpace(GF(2) ,TwoCocycles(H,N));; #=F,
Pa:=Subspace(Fa,TwoCoboundaries(H,N));; #= P,
t:=Difference(Fa,Pa) [1];; #non-trivial factor system
G:=Extension(H,N,t);; #this should be the non-splitting extension
IdGroup(G) ;

TwoCohomology (H,N) ; #more info about Fy,

For non-polycyclic groups one can include the cohomolo package (so far only under Linux). It expects
as input a permutation group and an isomorphic finitely presented group.
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LoadPackage ("cohomolo",false); #false suppresses banner

H:=GL(5,2);;

gen:=Generators0fGroup(H);;

Hp:=Image (IsomorphismPermGroup(H));;

Hf :=Image (IsomorphismFpGroupByGenerators(H,gen)) ;;

chr:=CHR(Hp,2,Hf ,gen) ; #here N =T and a: H — Aut(N) is the natural isomorphism
SecondCohomologyDimension(chr); #=1 means F,~F,, i.e. there are two extensions
G:=NonsplitExtension(chr); #this is the DEMPWOLFF group

Size(G); #takes forever

Theorem 4.21. Let N be abelian, K < H finite and o: H — Aut(N) a homomorphism. Let oy : K —
Aut(N) be the restriction of c. Then the map

Fa *)FaK, IQPaf—)HKXKPaK

15 @ homomorphism. From kK xx € Py, 1t follows that kKl ¢ P,. In particular, eXp(E) s a divisor

of |H.

Proof. For k € F, it is obvious that kxxx € F,, and the map F, — F,,, Kk = Krgxk is a homo-
morphism. From x = £’ (mod P,) it follows that kxxx = Ky ;e (mod Fy, ). Thus F, — F,, is a
well-defined homomorphism.

Now let kg« € Pa, . Let G be an extension of H by N w.r.t. (c, k). Then there exists a homomorphism
p: K — G with mp = idg. Let R be a transversal for H/K with 1 € R. For r € R let 7 € G with
() = rand 1 = 1. For x € H let r, € R with r;'z € K. We define  := 7p(r;'x). Then
(%) = rpryle = x and

K (2,y) = v (Fgay )
defines a normalized factor system equivalent to (o, k). For x,y € H we have 13K = 2yK = ary K =
Ter, K and ryy = ryp, . It follows

K (z,y) = v (@rp(r, ly)zy ™) = v (@Rmr, aryp(r, y)zy ")

= K (a,ry v @y p(ry )y~ ) = K (2 ry v (rayp(rgy wry)p(ry !

Yy~ ) = K (z,ry).
For r € R it follows

K (2,y) = a8 (y, 1)K (@, yr)R (zy, 1) ™ = oo (K (y, )R (2, 1y )6 (y, )"

As r runs through R, so does ry,. Let ¢(x) :=[],cp #'(z,r) for z € H. Then

K () T = TT el (g, )R (2, mye) K (y, 1) 7 = aulp(y))p(@)p(ay)

reR
This shows (/)% € P,. Because (a, k) ~ (a, '), we also have /5| € P, by [Theorem 4.19
The second statement follows by choosing K = 1. O

Remark 4.22. The following two theorems were added later to the group theory notes with alternative
proofs.

Theorem 4.23 (GASCHUTZ). Let G be a finite group with an abelian normal subgroup N. Let N <

H < G with ged(|N|, |G : H|) =1, such that N has a complement in H. Then N has a complement in
G.
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Proof. As is well known, G is an extension of G/N by N. Let («, k) be the corresponding parameter
system. By assumption, the extension of K := H/N by N splits. Therefore, kxxx € Py, . From
it follows that x/“*Hl € P,. Because of F,, < C?(G/N, N), we also have x/¥| € P,. From
ged(|G = H|,|N|) =1 it follows that k € P,, i.e. G splits. O

Theorem 4.24 (GASCHUTZ). Let G be a finite group with an abelian normal subgroup N. N has a
complement in G if and only if N has a complement in P for every Sylow group P/N of G/N.

Proof. If K is a complement of NV in G, then K N P is a complement of N in P for N < P < G, since
N(KNP)=NKNP=Pand NN(KNP)< NNK =1.

Conversely, let us now assume that N has a complement in P for all Sylow groups P/N of G/N. Let

(a, k) be the parameter system of the extension G. According to[Theorem 4.21 kG Pl e P, holds. This
shows k!Nl € P, for all prime divisors p of |G/N]|. Since the numbers |G/N | are coprime (where

p runs over all prime divisors of |G|), it follows that k € Py, i.e. G splits. O

Definition 4.25. Now let N be arbitrary and (a, k) be a parameter system.

e The map w: H — Out(N), z — azInn(N) is a homomorphism, which is called the pairing of
(a, k). Let Par(w) be the set of parameter systems with pairing w. Equivalent parameter systems
define the same pairing. Let Par(w) be the corresponding set of equivalence classes.

o Let Z := Z(N). Every homomorphism w: H — Out(N), z — w,Inn(N) defines a well-defined
homomorphism wz: H — Aut(Z), z + (wz)|z-

Remark 4.26. A corresponding parameter system does not necessarily exist for every homomorphism

w: H — Out(N) (Exercise 17).

Theorem 4.27. Let w: H — Out(N) be a homomorphism with Par(w) # @. Let Z := Z(N) and
B :=wyz. Then Fg acts reqularly on Par(w). In particular, Par(w) and Fgz have the same cardinality.

Proof. Let A € Fjg and (a, k) € Par(w). Because of A(H x H) < Z, it holds that

QzQy = Cp(z,y) Xy = C(Ak)(z,y) Yoy>
(A&)(z,y) (AR) (7Y, 2) = az(K(Y, 2)) Bz (MY, 2))(Ak) (2, y2) = az((Ak)(y, 2)) (Ak) (7, y2)

for 2,7,z € H. Therefore (o, \r) € Par(w). One easily sees that *(a, k) := (a, Ak) defines an action of
Fj on Par(w). Let (o/,x’) ~ (o, ). Then there exists p € C1(H, N) with

AR (2,y) = (@) (@) (AR) (2, y)p(zy) .

Thus *(a, k) ~ 2/, k") and Fs acts on Par(w). Let A € Pg, i.e., M(x,y) = 6(2)B:(6(y))d(vy) ! for
some § € C'(H, Z). Then
(k) (2, ) = d(x) s (8(y))r(z, y)d(ay) ",

i.e., *(a, k) ~ (a, k). Thus Pg acts trivially on Par(w) and one obtains a well-defined action of Fj3 on
Par(w). Let A € F3 with *(a, k) ~ (@, k). Then there exists ¢ € C1(H, N) with

g = Co(r) Oz

(A&)(z,y) = (@) aw (0(y))rlz, y)e(zy)
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for z,y € H. It follows that o(H) < Z and A(z,y) = ¢(z)8:(p(y))p(zy) L. This shows X\ € Pg.
Therefore Fj acts fixed-point-freely on Par(w). For transitivity, let (o, k), (o/, k) € Par(w). Because
of azInn(N) = w(z) = a/Inn(N) for z € H, there exists ¢ € C1(H, N) with o = ¢y, for z € H.
We can thus replace (o/, k") by an equivalent parameter system of the form («, x’). Now it holds that

Cr(a,y) Aoy = XaQy = Cu/(z,y) Yy

and )\ := kx': H x H— Z. Because of

Ma, y)A(zy, 2) = w(zy, 2) " N, y)' (2y, 2) = vy, 2) " ke, y) " K (2, 9)8 (2y, 2)

= (au(kly, 2))r(z,y2)) " aul(K (y, 2))K (2, yz)
= k(z,y2) oy (m(y, 2) LR (y, Z))K’(ZE, yz) = k(z,y2) " B (A y, 2))K/ (z, y2)
= Be( A\, 2))r(w,y2) 'K (2,92) = Bo (A, 2)) A (2, y2)

for x,y € H, it holds that A € Fj and *(a, k) = (, KA) = (, &'). Thus Fj acts regularly on Par(w). O

Corollay 4.28. Let Z(N) = 1. Then:

(i) For every homomorphism w: H — Out(N), it holds that |Par(w)| = 1.

(i1) If Inn(N) = N possesses a complement in Aut(N), then every extension with N splits.

Proof.

(i) Let w(z) = azInn(N) for x € H. Because of agyInn(N) = w(zy) = w(z)w(y) = aya,Inn(N),

there exist x(7,y) € N with azay = ¢,(34)Qay for all 7,y € H. Here, it holds that

Cr(zy)r(y,z) Xoyz = Cr(zy) FoyQz = QaQyQz = QzCh(y 2)Vyz

= Cou(k(y,2)) Yo Qyz = Coy(k(y,2))r(z,yz) Yoyz-

From Inn(N) = N/Z(N) = N, it follows that x(x,y)k(zy, 2) = az(k(y, 2))k(z,yz). This shows
(o, k) € Par(w) # @ and |Par(w)| = 1 according to

(ii) By assumption, there exists a homomorphism 7: Out(N) — Aut(N) with 7(y)Inn(N) = ~ for
all v € Out(V). Every homomorphism w: H — Out(V) can thus be lifted to a homomorphism
o= Tw: H = Aut(N) (i.e. w(z) = azInn(N) for all z € H). According to (i), the splitting
extension with respect to («, 1) is the only extension with pairing w. O]

Example 4.29. If N is complete, i.e. Z(N) = 1 = Out(N), then there are only the extensions N x H.
This was already shown in GT-exercise 26.

Remark 4.30. The number of extensions with a non-abelian group N for a pairing w: K — Out(N)
can be determined with the hap package:

LoadPackage ("hap",false); #loads further packages

N:=QuaternionGroup(8);;

H:=AutomorphismGroup(N) ;;

NH:=SemidirectProduct (H,N);;

omega :=GOuterGroup (NH, Image (Embedding(NH,2))); #defines pairing H — Out(N)
beta:=Center (omega); #corresponding factor system H — Aut(Z(N))
A:=ActingGroup(beta);; #preimage of f3

R:=ResolutionFiniteGroup(A,3);; #three terms of a resolution
C:=HomToGModule(R,alpha);; #corresponding chain complex

Cohomology(C,2); #orders of the cyclic factors of Fj
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Theorem 4.31 (JOHNSON-ZASSENHAUS). Two extensions N —= Gy — H (i = 1,2) are equivalent
if and only if for every Sylow group P of H, the extensions 7T1_1<P) and 772_1(]3) of P with N are
equivalent.

Proof. Let G and Gg be equivalent via v: G1 — Gag. For a prime p and P € Syl,(H) let P; :=
7' (P) < G; and § := vp,. Then

5(P1) = y(m H(P)) =v(v N L (P))) = Py,
dv1 = v and (m2)|p,d = (m1)|p,- Thus P; and P are equivalent.

Now assume that P, and P are equivalent for all Sylow subgroups P of H. Let (o, k) and (o/, k') be
the parameter systems of G1 and Ga, respectively. Then (ap,kpxp) and (&/p, Kb, p) are equivalent
and it follows that azInn(N) = o/, Inn(N) for all € P. Since H is generated by its Sylow subgroups,

(a, k) and (o/, k") have the same pairing w. Let Z := Z(N) and /3 := wy. By [Theorem 4.27|there exists
A € Fg with (¢/, k) ~ (a, Ak). By assumption, A\p € Pg,, for every Sylow subgroup P of H, i.e., the

extension of P by Z splits. By the extension of H by Z now also splits, i.e., A € Pg.
This shows (o, k') ~ (a, Ak) ~ (o, K). O

Remark 4.32. is not suitable for proving Gaschiitz’s for non-abelian N,

because for every homomorphism w: H — Out(N) there does not necessarily exist a splitting extension
with which one could compare (Exercise 17)). Even if such a splitting extension of H by N exists, the
restricted extension of H by Z(N) does not necessarily have to split. For example, G = Dg % Cy is a
splitting extension of H = Cy by N = Dsg, but the restricted extension Cg(N) = Cy of H by Z(N) = Cs
does not split. A similar example shows that is in general false for non-abelian groups
N ([Erercie 19,

5 Central Extensions

Definition 5.1. If N is abelian and a: H — Aut(V) is trivial, then

Z*(H,N) = Fo = {r € C*(H,N) : s(z,y)s(zy, 2) = Ky, 2)r(z,y2) },
B*(H,N) := Py = {r € Z*(H,N) : 3p € C'(H,N) : s(z,y) = p(x)p(y)p(zy) "},
H*(H,N) :=F, = F,/P,.
The elements of Z2(H,N) are called (2-)cocycles. For ¢ € CY(H,N) let dp € B?(H,N) with
Op(z,y) == o(z)p(y)p(ry)~! for 2,y € H. One calls H>(H, N) the second cohomology group of H
with values in N. If G is a corresponding extension, then v(N) < Z(G) (cf. Remark 4.8)). One therefore
speaks of central extensions.
Remark 5.2.
(i) In the following, let A always be an abelian group.

(i) Let H be abelian and G the central extension on A x H by means of x € Z?(H, A), d.h.

(a,2)(b,y) = (abk(z,y), zy)

for all (a,z), (b,y) € G. G is abelian if and only if x is symmetric, d. h. k(z,y) = k(y, z) for all
x,y € H. Since H is abelian, the cocycles in B2(H, A) are symmetric.
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Definition 5.3. For abelian groups H let
Z}(H,A) = {x € Z°(H,A) :Va,y € H : x(z,y) = £(y, )}

and H2(H,A) := Z2(H,A)/B?*(H, A).
Theorem 5.4. For n € N it holds that H*(Cp,, A) = H2(C,,, A) = A/{(a"™ : a € A).

Proof. Let G be a central extension of H = (x) = C), by A. Because of A < Z(G), G/Z(G) is cyclic
and G is abelian. This shows H?(H, A) = H2(H, A). For a € A, we have constructed in the proof of
Theorem 4.16|a cocycle k, € Z?(H, A) with

1 ifti4j<n,
a ifit+j>n

Ka(z,2?) = {

. The map F: A — H?(H,A), a — K, is obviously a homomorphism. Let ¢: H — A, ' + a’ for
1=0,...,n—1. Then

1 ifi4+j5<n,

a ifi+j>n.

dp(z', 2l = {

This shows a” € Ker(F). For a € Ker(F) there exists a ¢ € C'(H, A) with k, = J¢. It holds that

Therefore a € (b : b € A) and Ker(F) = (a" : a € A).
For the surjectivity of F, let A — G 5> H be an extension of H by A. Let # € G with 7(&) = z. For

i=0,...,n— 1 we can choose x! := & as a preimage of z*. For the cocycle & it then holds that
=i /7;_/]»_1 1 f . .
S r'xlx = e+ 7<n,
k(a' ol)=q —1 ’
FRlpiti-n =3 ifi+j > n.
With a := 2™ € A it thus holds that x = k.. Therefore F' is surjective. O

Theorem 5.5. For all abelian groups G and H it holds that H2(G x H, A) = H2(G, A) x H2(H, A).

Proof. We follow the proof of the Kiinneth formula from group theory. We consider G and H as
subgroups of G x H. For k € Z2(G x H, A) let kg € Z2(G, A) be the restriction of x to G x G and
analogously ky € Z2(H, A). Then

F: Z%(G x H,A) — Z%(G, A) x Z*(H,A), k> (kg k)

is a homomorphism. For ¢ € CY(G x H, A) it is certain that (9p)g = dpg € B*(G, A) and (Op)y €
B?(H, A). Thus F induces a homomorphism F: H2(G x H,A) — H2(G,A) x H2(H, A).
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For the surjectivity of F let k1 € Z2(G, A) and k2 € Z2(H, A) be normalized. For z; € G and y; € H
let k(x1y1,x2y2) := K1(x1, 22)k2(y1,y2). Then

K(Z1y1, T2y2)K(T122Y1Y2, £3Y3) = K1(21, T2)k2 (Y1, Y2) k1 (T122, 23) K2 (Y1Y2, Y3)
= k1(2, x3)K1 (21, X23) K2 (Y2, Y3) K2 (Y1, Y2u3)
= H(Q/‘ZyZa $3y3)/€($1y1, !E2y2$3y3)-

This shows x € Z2(G x H, A) with kg = k1 and kg = ka. Thus F is surjective.

For the injectivity let F(k) = (01, Op2) with o1 € C1(G, A) and 3 € CY(H, A). Let p € CY(Gx H, A)
with p(xy) = p1(2)p2(y)k(z,y)~! for x € G and y € H. Then

Op(z1y1, T2Yy2) = 90(9512/1)80(952112)90(331562%!/2)_1

= o1(x1)pa(y1) k@1, y1) " 1 (@) pa(y2) kw2, y2) " @1 (w122) " 02 (y1y2) " K122, Y1y2)
y1,y2)k(x1,y1) K(22, 32) " R (122, Y112)

(
k(2 y1)k(x1, voy1) (w122, 1) LR (Y1, Yo ) kw1, y1) 1k
)

= k(z1,22)K

(22, 32) ' K(2122, Y1Y2)

K(@1y1, m2)k(z122y1, y2) (22, y2) "' = K(@1y1, 2212)

for x; € G and y; € H. Thus k = Op € B?(G x H, A) and F is an isomorphism. O
Corollay 5.6. For every finite abelian group A we have H2(A,C*) =1

Proof. Since every complex number has an n-th root, (2" : z € C*) = C* holds. The claim follows

from [Theorem 5.5 and [Theorem 5.4 O

Corollay 5.7. For finite abelian groups G = Cyq, x ... x Cq, and A= Ce, X ... x C¢, we have

HS2(G, A) =2 Hom(G, A) >< ged(ds e )

1<i<k
1<5<i

Proof. For d € N we have H2(Cyg, A) = A/(a : a € A) = X! Cgcd(d el) by [Theorem 5.4L From

Theorem 5.5]it follows that H2(G, A) = X, Caea(ay e, Let G (o) % e X (k) = O X o x o

Then f € Hom(G, A) is uniquely determined by

l

flzi)elae A a® = =X Coed(dse;) (i=1,...,k)
j=1

and every choice defines a homomorphism G — A. Clearly, the map Hom(G, A) — X irj Cged(d
f= (f(x1),..., f(zg)) is an isomorphism. The claim follows from this.

zv@j)’

Example 5.8. According to there are four equivalence classes of abelian extensions of Cy

by C4. However, there are only two isomorphism types of such groups: C’f and Cig. In |Theorem 5.19
we determine the structure of H?(G, A) for every finite group G.

Remark 5.9. For coprime dy,ds € N and e € N, ged(dida, e) = ged(dy, e) ged(da, €) holds. Therefore,
the right side in does not depend on the decomposition of G and A. Since the expression
is symmetric, H2(A, B) = H%(B, A) and Hom(A, B) = Hom(B, A) hold for all finite abelian groups A
and B.
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Definition 5.10. An extension G of H by Z is called a Schur extension, if Z < Z(G) N G’ holds. The
Schur multiplier of H is M (H) := H?(H,C*).
Example 5.11.

(i) Let G be a non-abelian finite nilpotent group. According to GT-Theorem 3.14, G' N Z(G) # 1
holds. Therefore, G is a Schur extension of a smaller group. In particular, Dg and Qg are Schur
extensions of C7. Furthermore, G/G is a Schur extension of G/G’.

(ii) Every quasisimple group is a Schur extension of a simple group.

Remark 5.12.

(i) In the following, we study the possible Schur extensions of a fixed group H, which we rename to
G for this purpose.

(i) Let G be a Schur extension of G with 1 # Z < G'n Z(CAJ) and G/Z = G. If Z possesses a
complement K in G, then G = Z x K and Z ¢ 1 x K' = G'. Proper Schur extensions are
therefore non-splitting.

(i) If n := |G| < oo, then exp(M(G)) | n according to [Theorem 4.21] The values of k € M(G) are

thus n-th roots of unity. This shows |M(G)| < |Z?(G,C*)| < n™ < oco. In the following, let G
always be finite and A abelian.

(iv) According to |Theorem 5.4 M(C,) =1 for all n € N.
(v) According to GT-Lemma 11.14, A* := Hom(A,C*) = A, if |A| < co.
Lemma 5.13. The map
®: H>(G/G', A) — H*(G, A), kB%*(G/G', A) — ®,B*(G, A)

with ®4(z,y) = k(xG',yG") for x,y € G is a monomorphism.

Proof. Clearly Z?(G/G', A) — Z*(G, A), k +— ®, is a homomorphism. For ¢ € C}(G/G', A), ¥y, €
B2(G, A) holds. Therefore ® is well-defined on H?(G/G’, A). Let k € Z2(G/G', A) and ¢ € C1(G, A)
with ®,, = dp. Let R C G be a transversal for G/G’. For z € G let r, € R with zG' = r,G’. Let
» € CHG/G', A) with §(2G’) := p(r,) for z € G. Then

H(xG/J/G,) = H(TzG’, ryG/) = (I)n(razary) = 890(rzary) = 6¢(xG/7yG/)

for x,y € G. Therefore ® is injective. O

Lemma 5.14. The map
U: H*(G,A) = Hom(A*, M(G)),  kB*(G,A)— ¥,

with ¥, (\) = (Ao k)B2(G,CX) is a homomorphism.

Proof. For \, i € A*, clearly Aok € Z?(G,C*) and (A\u)ok = (Aok)(por). Thus ¥, € Hom(A*, M(Q)).
For ¢ € C1(G, A) and \ € A* we have

Ua,(A) = (Ao dp)B*(G,C*) = d(Ao p)B*(G,C*) = 1.

Thus W is well-defined. Due to Ao (k1k2) = (Ao k1)(A o kg), ¥ is a homomorphism. O
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Theorem 5.15 (SCHUR). Let G be a Schur extension of G with G/Z = G. Then Z is isomorphic to a
subgroup of M(G). In particular, |G| < |G||M(G)| and G possesses only finitely many Schur extensions
up to isomorphism.

Proof. Forx € Glet T € Gwith7?Z=zand1=1.Letx € Z%(G, Z) be the corresponding normalized
factor system of G . It holds that x(z,y) = zyzy " for z,y € G. Since Z* = Z, it suffices
to show that the map ¥, from is injective. So let A € Z* with A o Kk = Jp for some
© € CYG,C*). Then

p(1) = p(L)e1)p(1)™" = dp(1) = A(k(1,1)) = A1) = 1.

Let A\: G — C* with /)\\(i’\a) = p(x)A(a) for x € G and a € Z. Because X(a) = /):( a) = Aa), X is an
extension of A. For z,y € G and a,b € Z it holds that

A(Ta - §b) = A(Tgab) = A(k(z, y)Tyab) = A(k(z,y))e(zy) A(a)A(D)
= p(2)p(y)p(zy) T o(zy)A@)A D) = ¢(2)A(@)p(y)A(b) = X(Ta)A(GD).

Thus A is a homomorphism with (/}\’/Ker(/):) < C*. It follows that Z < G’ < Ker(X). This shows
A=1 O

Definition 5.16. A Schur extension G of G is called mazimal, if |G| = |G||M(G)|.
Theorem 5.17 (SCHUR). Ewvery finite group G possesses a mazximal Schur extension.

Proof. According to M(G) = (1) & ... ® (k) is finite. Let d; := |[(%;)] and A; < C*

with |4;| =d; fori=1,...,n. Let ki € Z2%(G,C*) Wlth k; B*(G,C*) = &;. Then /{dl = Or; for some

v € CHG,C*). Let 6;(x ) € C* with §;(2)% = 'y( )7t for z € G. After replacmg ki by K;00;, we

have /{fi =1fori=1,...,n. In particular, x; € Z>(G, A;) for i = 1,...,n. According to ,

we may also assume k;(z,1) = k;i(1,2) = 1 for z € G. Let A := A} x ... x A, & M(G) and

k € C*G, A) with k(z,y) = (k1(z,y),...,kn(z,y)) for 2,y € G. Then clearly k € Z%(G, A) with
k(l,z) = k(z,1) =1for z € G.

Let G = Ax G be the central extension of A by G with respect to k. By a — (a 1), We consider A
as a subgroup of G. We choose preimages T € G of z € G such that k(z,y) = Tyry ! holds for all
z,y € G. Let m;: A - A; < C* be the i-th projection. With the map ¥,; from we then
have

W, (mi) = (mi 0 1) BA(G,CX) = 7

fori=1,...,n. Because M(G) = (K1,...,Rn), ¥ is surjective. According to[Remark 5.12 A* =~ A =
M(G). Therefore, ¥, is also injective. According to the fundamental theorem of finite abelian groups
(applied to @/@’), there exist normal subgroups Ny, ..., Ng < G with G’ = Ny N...N N, such that
CA?/Ni iscyclicfori=1,...,s

Assume A ¢ G'. Then there exists an i with A ¢ N;. By embedding CA}'/NZ into C*, one obtains a
homomorphism A\: G — G/N; — C* with A(A) # 1. The restriction A4 is thus a non-trivial element
in A*. For z € G, we set ¢(x) := A(Z). Then

V(M) (2, y) = Mw(z,y) = A@J7y ') = p(2)p(y)p(ry) ™" = dp(z,y)

for z,y € G. This yields ¥, (A4) = 1 in contradiction to the injectivity of ¥,. Thus A < G’ and G is
a Schur extension of G. O
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Remark 5.18. In GAP, there are several possibilities to determine the Schur multiplier and a maximal
Schur extension:

G:=AlternatingGroup(7);;

AbelianInvariantsMultiplier(G); #orders of cyclic factors of M(G)

S:=SchurCover(G); #maximal Schur extension

S:=Image (IsomorphismPermGroup(S));; efficient representation as permutation group
NrMovedPoints(S); #degree of permutation group
S:=Image(SmallerDegreePermutationRepresentation(S));; #even more efficient representation
NrMovedPoints(S);

StructureDescription(S); #= Cg.Ar

epi:=EpimorphismSchurCover (G, [3]); #epimorphim G — G with kernel O3(M(@))

S:=Source(epi); #non-maximal Schur extension G
M:=Kernel(epi); #O3(M(G))

P:=SmallGroup(256,111);;
SchurCovers(P); #all maximal Schur extensions, only for p-groups

LoadPackage ("cohomolo",false);
G:=PSL(3,4);;
for p in PrimeDivisors(Size(G)) do
chr:=CHR(G,p);;
Print (SchurMultiplier(chr)); #= O,(M(G)) faster than AbelianInvariantsMultiplier
od; #insgesmat folgt M(G) = O2(M(G)) ® O3(M(G)) = Ci2 x Cy

LoadPackage("hap",false); #loads further packages
GroupHomology(G,2); #M(G) = Hy(G,Z)

The command SchurExtension, on the other hand, calculates the infinite central extension F/[F, N]

from [Theorem 5.24
Theorem 5.19 (Universal Coefficient Theorenﬂ). For every finite abelian group A,
1 — H2(G/G', A) 25 HX(G, A) -1 Hom(A*, M(G)) — 1.

18 an exact splitting sequence. In particular,

H*(G, A) =2 Hom(G/G' x M(G), A).

Proof. The maps ® and ¥ were defined in [Lemma 5.13] and [Lemma 5.14] Since ® is injective, the
sequence is exact at the first term. For k € Z2(G/G', A), we have Aok € Z2(G/G',C*) = 1 by
Corollay 5.6, This shows Ug, =1 and ®(H2(G/G’, A)) < Ker(¥). Conversely, let k € Z?(G, A) with
U, = 1. Let G := A x G be the extension with respect to x. By a — (a,1), we consider A as a
subgroup of G. For \ € A* there exists a ¢ € C1(G,CX) with Aok = dp. We define \: G — Cx,
(a,2) —~ Aa)p(z). For (a,z),(b,y) € G, it then holds that

A(a, ) (b,y)) = Aabs(z, ), zy) = A(ab)dp(x, y)o(xy) = Ma)p@)AD)p(y) = Aa, 2)A(b, y)-

This shows A € G* and G’ N A < Ker()). As is well known, for every a € A\ {1} there exists a A € A*
with A(a) # 1. It follows that G’ N A = 1. Thus G/G’ is an extension of

G/G'A= (G/A)/(G'AJA) =~ G/G

0The designation describes the fact that one can replace the codomain A of the cocycles with the universal codomain
c*.
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with AG'/G' = A/(ANG') = A. Let m: G — G, (a,2) — z be the projection and 7: G/G' — G/,
2G' — 7(2)G'. Because of G’ = G'AJA = @', the restriction of 7 to G’ is injective. For s € G, let
§:=711(s) € G Let R C @ be a transversal for G/G’. For x € G, let r, € R with G’ = r,G’. For
re R, letre G be an arbitrary preimage under 7. For each z € G, there exists exactly one s, € G’
with 2 = 7,5,. Now 7 := 7,8, is a preimage of x under 7. Therefore & is equivalent to v’ € Z2(G, A)
with #/(z,y) = Zyzy . Obviously ZG' is a preimage of G’ under 7 that does not depend on the
choice of the representative of the coset #G’. Thus there exists a cocycle & € Z2(G/G’, A) with

RxG,yG') = Tjzy G = K (z,y)G.

This shows kB2(G,A) = &'B2(G,A) = ®x by identifying A with AG'/G’. Since G/G’ is abelian,
k€ Z2(G/G', A) and ®(H2(G/G', A)) = Ker(¥) holds. Thus the sequence is also exact at the second
term.

We now construct a homomorphism I': Hom(A4*, M(G)) — H?*(G,A) with ¥ o' = id. From this,
one obtains both the surjectivity of U (exactness at the third term) and the splitting of the sequence.
Let Z := M(G) and xk € Z?(G,Z) be the cocycle of a maximal Schur extension. In the proof of

Theorem 5.17, we have seen that the map Z* — Z, A — (X o k)B?(G,C*) is an isomorphism. Let
f € Hom(A*, Z). For p € A*, there exists exactly one A\, € Z* with f(u) = (A, o k)B*(G,C*). For
z,y € G, we define ag(x,y): A* = C*, p— Ay(k(z,y)). From

()‘/L1M2 OH)BQ(Ga (CX) = f(:ul:LLQ) = f(lul)f(:u?) = ()‘,ul OK’)(AIJ«Z O’{)B2(G7CX) = ()‘m)‘uz O’Q)BQ(Ga (CX)

it follows that A, ., = Ay Ay, This shows ag(x,y) € (A*)*. Because |A| < oo, the map A — (A*)*,
a+ (pu— p(a)) is an isomorphism (GT-Exercise 79). Therefore there exists exactly one I'y(z,y) € A
with af(x,y)(p) = u(I¢(z,y)) for all p € A*. For x,y,2z € G and p € A*, it holds that

w(Ty(x, )Ty (zy, 2)) = ag(x,y)(pas(zy, 2)(m) = A (62, y)k(2y, 2))
= )\,u (’{(yv Z)K;(i’, yz)) = M(Ff(ya Z)Ff(l’, yz))

This shows 'y € Z*(G,A). For f' € Hom(A*,Z) and p € A*, let X, € Z* with f'(u) = (X, o
k)B*(G,C*). Then (ff")(n) = (AuX, 0 5)B*(G,C*) and

p(Trp (@) = appl@,y) () = N (K@, y)) = ap (@, y) (e (2, y) (1) = w(Ts(z, )Ty (2,y)).
Thus I' is a homomorphism. From
U, (p)(@,y) = (poTp)(,y) = ar(z, y)(p) = Au(k(z, y)) = fp)(,y).
it follows that ¥ o I' = id.
For the second assertion, we use and A* =2 A:
H*(G, A) = H?(G/G', A) x Hom(A*, Z) = Hom(G/G', A) x Hom(Z, A) = Hom(G/G’ x Z, A). O

Theorem 5.20. Let G/G' = Cy, x --- x Cq, and M(G) = C¢, x --- x C¢,. Then G has at most

H ng(di, ej)

1<i<k
1<55<1

maximal Schur extensions up to isomorphism.
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Proof. Let G := Z x G be a maximal Schur extension of G with respect to k € Z%(G,Z) with
Z = M(G). As in the proof of , U,.: Z* — M(G) is an isomorphism. We show that
the isomorphism type of G does not depend on W,. For this, let f € Aut(Z) and &’ € Z%(G, Z) with
k' (z,y) = f(k(x,y)) for all z,y € G. Let H := Z x G be the extension of G by Z with respect to &'
Then

F:G—H, (a,2)~ (f(a),2)

is an isomorphism, because

F((a,z)(b,y)) = F(abk(z,y),zy) = (f(abk(z,y)), zy)
= (f(a)f(b)K(z,y),2zy) = (f(a),z)(f(b),y) = F(a,z)F(b,y)

for (a,z), (b,y) € G. Let f* € Aut(Z*), A — Ao f be the dual map to f. Then ¥,, = ¥, o f* holds. In
this way, every isomorphism Z* — M (G) can be realized. For every further maximal Schur extension of
G with respect to an o € Z?(G, Z), one can therefore assume ¥, = ¥,.. The number of maximal Schur

extensions is thus bounded by [¥~1(U,)| = |[Ker(¥)| = |H2(G/G', Z)| according to [Theorem 5.19|
yields the assertion. O

Example 5.21.

(i) Let p be a prime and G = C}} elementary abelian. According to GT-Example 11.38, M (G) = 052).

Thus G has at most p" n(3) maximal Schur extensions up to isomorphism. This can also be proven
directly: Let G be a maximal Schur extension and Z < G’ N Z(G) with G /Z = G. Because of
Z < <I>(G), G can be generated by n elements z1,...,2,. Then {[z;,z;] : 1 <i < j < n}isa
basis of Z = M(G). For i = 1,...,n there exist 0 < e;j3, < p with

7= [l wu)em.

Jj<k

Because of Z < Z(G) G is uniquely determined by the n( ) parameters e;j;. Obviously, many pa-

rameter values lead to isomorphic groups (for example by permutation of the x;). In|Remark 12.36
we construct the maximal Schur extension with p > 2 and e;;, = 0 for all 4, j, k. For n = 2, the two

non-abelian groups of order p3 are the only maximal Schur extensions. For p” € {23,24,33, 53}
there are 10, 989, 16 and 20 maximal Schur extensions of G, respectively. In general, the number
is unknown.

(ii) The minimal non-abelian 2-group @(2,1) from has exactly seven maximal Schur ex-
tensions:

G:=SmallGroup(16,3);; #=Q(2,1)
ab:=AbelianInvariants(G); #=[2,4]
mG:=AbelianInvariantsMultiplier(G); #=[2,2]
ProductX(ab,mG,{d,e}->Gcd(d,e)); #=16
Size(SchurCovers(G)); #=7

Remark 5.22.
(i) If G is perfect (or more generally ged(|G/G'|,|M(G)|) = 1), then G has only one maximal Schur

extension G up to isomorphism. One calls G the universal Schur extension of G, because according
to [Theorem 5.24] every Schur extension of G is a quotient of G.

(ii) For complete groups G, equality holds in [Theorem 5.20| (without proof).
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Theorem 5.23. Let G be any group with |G : Z(G)| < oo. Then |G’ < oo.

Proof (Rosenltcht) Let Z = Z(G) and n := |G : Z| < oo. Let R be a transversal for G/Z. For
I :={[r,s]: 7,s € R} it holds that |I'| < |R|* = |G/Z|* = n® For r,s € R and z € Z it holds that
[rz,s] = [7“ s] = [r,sz]. Every element g € G’ thus has the form g = ¢;...¢, with ¢1,...,¢,, € T. It
suffices to show that one can choose m < n® (then it follows that |G'] < n?"’ < c0). Assume m > n3.
Then there exists a v € I with |{i € {1,...,m} : ¢; = v}| > n. Because of ¢;¢;11 = Ci+1(C;+110iCi+1) =
ci+10 with 6 € I' we can assume ¢; = ... = ¢u41 = 7. In contradiction to the minimality of m we
will show that 4"*! is a product of n commutators. For this, let v = [r, s] with r,s € R. Because of
A" = 4IGZl ¢ Z we have

n

A = gyt = sy = ysys T (sysTH)

= [r, s]s]r, s]s_l[srs_l, 5]”_1 = [r, 82][57“5_1,5]”_1. O

Theorem 5.24. Let G = F/N be a finite group with F = F,,. Then:

(i) N/|F,N] is a finitely generated abelian group with free part of rank n and torsion part (F' N
N)/[F,NJ.

(ii) For N/[F,N] = (F'NN)/[F,N]|® K/[F,N]|, F/K is a mazimal Schur extension of G.

(ii) For every Schur extension G of G there exists an L < F with N = (F' N N)L and G = F/L. In
particular, G is a factor group of a mazximal Schur extension.

(iv) |M(G) = (F' N N)/[F, N]| (Hopf formula).

Proof.

(i) According to N is finitely generated. With N < F'| we have [F,N| < F and
[F,N] < F' N N. Because N/[F,N] < Z(F/|F,N]), Z(F/[F,N]) has finite index in F/[F, N].
According to F'/|F, N] is finite. Therefore, (F' N N)/[F, N] is also finite. Because
N' < [F,N], N/[F, N] is abelian. Furthermore,

(N/IF,N]))/((F'NN)/[F,N])) * N/(FFNN)= NF'/F' < F/F'

According to [Example 1.17, F//F’ is a free abelian group of rank n. Because |F/N| = |G| < oo,
NF’'/F'" must also be a free abelian group of rank n. Therefore, (F’ N N)/[F, N] is the torsion

part of N/[F, N].

(ii) Because K/[F,N] < N/[F,N] < Z(F/[F,N]), we have K < F. Let G := F/K and Z := N/K
Then G/Z =~ F/N = G and Z < Z(G) because of [F,N] < K. From N/[F,N] < F'K/[F,N] it
follows that

Z=N/K<FK/K = (F/K) =G

Thus G is a Schur extension with Z & (F' N N)/[F, N]. From [Theorem 5.15| it follows that

|M(G)| > |(F' N N)/[F,N]|. For the reverse inequality, we first show ().

(iii) Let a: F — G and f: G — G be the canonical epimorphisms with N = Ker(a) and Z := Ker(3).
Since F' is free, there exists a homomorphism p: F — G with Bp = «. It then holds that
G=p(F)Z and Z < G' < p(F) < p(F), thus p(F) = G. Obviously L := Ker(p) < Ker(a) = N.
Because Bp(N) = a(N) = 1, we have p(N) < Ker(8) = Z. This shows p([F,N]) < [G,Z] = 1
and [F,N] < L. From p(N) = Z < G’ = p(F’) it also follows that N < F'L and (F' N N)L =
F'L N N = N by Dedekind. Now it holds that

]

Z
17| = Gl

—IN:L|=|(F'AON)L: L|=|F'AN: F 0Ll <|(F'nN)/[F,N]|
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Therefore, the Schur extension constructed in is indeed maximal.

According to (i) and the fundamental theorem of finitely generated abelian groups, it holds that
L/[F,N] = (LN F')/[F,N] & M/[F,N],

where (L N F')/[F, N] is the torsion part. Because |N : L| = |F" NN : F'nL|, M/[F,N] is
the torsion-free part of N/[F,N]. According to ({ii), F/M is a maximal Schur extension and
GXF/L=(F/M)/(L/M).

(iv) Follows from the proof of (). O

Theorem 5.25. Let G = (x1,...,xy | r1,...,7) be finite. Then M(G) can be generated with k —n
elements. In particular, M(G) =1 if n = k.

Proof. According to n < k. Let F be the free group w.r.t. z1,...,2, and N =
(ri,...,rp)F. Because of N/[F,N| < Z(F/[F,N]), we have N/[F,N] = (r1,...,75), where 7; :=
ri[F, N]. According to the free part of N/[F, N] has rank n and the torsion part is
isomorphic to M(G). Thus M(G) can be generated with k — n elements. O

Example 5.26. According to [Theorem 5.25 and [Exercise 2| M(Qn) = 1 for n > 3 (cf. GT-

Example 11.38). For infinite groups, [Theorem 5.25|is false: For example, F5/ F2[3} is a Schur extension

Theorem 5.27. Let él, @2 be maximal Schur extensions of G with @1/21 ~Gx ég/ZQ. Then
(i) (SCHUR) G, 2 Gy and G1/G, = G/G' = G /G).

(i) (GascHUTZ) G1/Z(G1) = Gy /Z(Gy).

(iii) (READ) Z(G1)/Z1 = Z(Gs)/Zs.

Proof. Let G = F/N, K; <F and G; F/K; as in [Theorem 5.24] We show that the specified groups
do not depend on <.

(i) It holds that
@; &~ F,Ki/Ki &~ F//(F/ﬂKi) = F'/(F’ﬂNﬂKi) = F//[F,N],
Gi/G} = (Gi/Z:)/(G})Z:) = GG

(ii) For L/[F,N] := Z(F/[F, N]), we have [F,L] < [F,N] < K; and L/K; < Z(F/K;). Conversely,
let 2K; € Z(F/K;). Then [z, F] < K;NF' = K; N F'N N = [F, N] and it follows that x[F, N] €
Z(F/[F,N]) = L/[F, N]. This shows

G/ 2UCi) = (F/K)J2(F/K:) = (F/K:) /(L] K}) = F/ L.

(iii) With the notation from ({), it holds that

7(Gi)/Z; = (LJK;)/(N/K;) = L/N. [
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Remark 5.28.

(i)

(iii)

In general, Z(C:’l) 2 7,(Gs) in the situation of[Theorem 5.27, For example, the minimal non-abelian
groups

Gi=(z,y|2®=¢> =1, yoy ' = 2%,
Gy = (z,y|2* =9* = [x,y]* = [v,2,9] = [y,2,y] = 1)

of order 16 from [Exercise 4] and |Exerc1se 6] are maximal Schur extensions of G = Cy x Cy with
7(G1) = (22) = C4 and Z(Gy) = (22, [z,y]) = C? (from GT-Theorem 11.37 it follows that
M(G) = ().

Schur multipliers also occur in the representation theory of finite groups: Let N <G and A: N —
GL(d, C) be an irreducible representation of N. For g € G, 9A: N — GL(d,C), x — A(g 'xg)
is also a representation. Let us assume that A and 9A are equivalent for all g € G, i.e. for g € G
there exists Ty € GL(d,C) with 9A(z) = TyA(x)T, " for all z € N. Let g1,...,9¢ € G be a
transversal for G/N and T; :=T,,. For x € N we define

I': G — GL(d,C), gz~ A(z"NT;.
For y € N we have
D(gix) A(y)L(gix) ™" = Az LAWY Az) = Az g lygiz) = T7A(y).
This shows

L(gh)A(y)T(gh) " = "Ay) = ?("A)(y) = T(g)T (M) A(y)T(h)'T(g) ™"

for g,h € G and all y € N. From Schur’s Lemmaﬂ it follows that I'(gh) = k(g,h)T'(g)'(h)
for some k(g,h) € C*. One calls I" a projective representation of G, because G — PGL(d,C),
g — I'(¢g)C* is a homomorphism. Because of

k2, y2)r(y, 2)T (@) ()T (2) = K2, y2)T (@)1 (yz) = T(2(y2)) = T((2y)2)
= ri(zy, 2)0(2y)T(2) = K(zy, 2)r(z, y)L (@) (Y)T(2)
we have k € Z2(G,C*). In fact, x depends only on G/N, i.e. k € Z*(G/N,C*). Other choices

of T; yield equivalent k. In the case M (G/N) = 1, one can achieve k = 1. Then I' is an ordinary
representation that extends A.

We now concern ourselves with the question of which groups have the form G/Z(G). In doing so,
we again allow infinite groups G.

Definition 5.29. One calls G capable, if a group H with H/Z(H) = G exists. Let Z*(G) be the
intersection of all normal subgroups N such that G/N is capable. One calls Z*(G) the epicentre of G.

Remark 5.30.

(i)
(i)

Capable groups are inner automorphism groups because of H/Z(H) = Inn(H).

Since G/Z(Q) is capable, Z*(G) < Z(G) holds. Obviously, Z*(G) is characteristic in G.

11

see Lemma 1.9 in character theory notes
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Example 5.31. Groups with trivial center are capable. Because of Dy, /Z(Dyy) = Day,, all dihedral
groups are capable. Non-trivial cyclic groups are not capable.

Lemma 5.32. For every group G, G/Z*(G) is capable.

Proof. Let {N; : i € I} be the set of normal subgroups of G such that G/Nj; is capable. Then there
exist groups {H; : ¢ € I} and epimorphisms ¢;: H; — G/N; with Ker(p;) = Z(H;). Let H := X ,; H;
and
L—{ s,EH:dge G :Viel: Lp,(hz—gNi}gH.

Certainly Z(H) = X Z(H;) < ( ) holds. Since the projection from L to H; is surjective for every
i, Z(H) = Z(L) holds. For every g € G there exists exactly one tuple (h;);Z(L) € L/Z(L) with
wi(hi) = gN; for all i € I. One easily sees that the map G — L/Z(L), g — (h;);Z(L) is an epimorphism
with kernel Z*(G) = (;¢; Ni. Thus G/Z*(G) = L/Z(L) is capable. O
Corollay 5.33. G is capable if and only if Z*(G) = 1 holds.

Lemma 5.34. For every group G, Z*(QG) is the intersection of all subgroups of the form w(Z(H)),
where Z — H = G is a central extension of G.

Proof. Let D < G be the intersection over w(Z(H)) as specified. For every central extension 7: H — G,
m(Z(H)) <n(H) =G and

G/m(Z(H)) = (H/Kex(r))/(Z(H)/Ker(r)) = H/2(H)
hold. Thus G/ (Z(H)) is capable and Z*(G) < D.

Conversely, let G/N be capable for some N <G. Then there exists an epimorphism «: H — G/N with
Ker(a) = Z(H). Let

L:={(z,y) eGxH:aly)=zN} <G x H.
The projection p: L — G, (x,y) — x is surjective with Ker(p) = 1 x Ker(m) < Z(L). Thus p is a
central extension of G. It follows that D < p(Z(L)). Since the projection from L to H is surjective,
Z(L) < G x Z(H) holds. Because of Z(H) = Ker(«), Z(L) < N x Z(H) and D < p(Z(L)) < N. This
shows D < Z*(G). O

Remark 5.35. We show that in [Lemma 5.34] (for finite groups) only a single central extension needs

to be considered.

Theorem 5.36 (BEYL-FELGNER-SCHMID). Let G be a mazimal Schur extension of a finite group G
and v: G — G the corresponding epimorphism. Then Z*(G) = v(Z(G)) holds.

Proof. Since every Schur extension is central, Z*(G) < y(Z(G)) holds by [Lemma 5.34 m Conversely,

>~

let a: H — G be a central extension. We must show v(Z(G)) < «(Z(H)). Let F be a free group
and 7: ' — G an epimorphism with kernel N. Then there exists a homomorphism ¢: FF — H
with ap = 7. Because of a(p(N)) = n(N) = 1, we have ¢(N) < Ker(a) < Z(H). It follows that
o([F,N]) < [H,Z(H)] = 1. Since 7 is surjective, H = Ker(a)p(F) = Z(H )¢(F) holds.

According to [Theorem 5.24] we can assume G = F/K, where N/[F,N]= (F'0nN)/[F,N]® K/[F,N].
Furthermore, let v(xK) = 7(z) for all x € F. Let W/K := Z(G). Then

[o(W), 0(F)] = (W, F]) < o(F' N K) = o(F'0N N N K) = ([F,N]) = 1.
It follows that (W) < Z(H) and ’y(Z(CA})) =7n(W) < a(Z(H)). O
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Corollay 5.37. Let G be finite with M(G) = 1. G is centrally extendable if and only if Z(G) = 1
holds.

Example 5.38. For n > 3, Qan is not centrally extendable, because M(Qan) = 1 (Example 5.26)) and
Z(Qan) # 1.

Theorem 5.39 (BAER). Let A= Cy, x ... x Cy, be a finite abelian group with 1 # dy | da | ... | dy.
A is centrally extendable if and only if k > 2 and di_1 = di holds.

Proof. For k =1, A # 1is cyclic and therefore not centrally extendable. Now let k > 2. Let A = (a;) x

x (ag) with [(a;)| = d; for i = 1,..., k. Assume first that A is centrally extendable. Let v: H — A be
an epimorphism with Ker(y) = Z(H). Let H; := v ({a;ax)) for i = 1,...,k —1 and Hy := v~ *({ax)).
Since H;/Z(H) is cyclic, H; is abelian for ¢ = 1,... k. Because A = (ajag,...,ax_1ax,ax), it holds
that H = (Hy,..., Hy) and ﬂle H; = 7Z(H). Because (a;a;)%-1 = ai’“_l fori=1,...,k—1, we have
7N a ) € Z(H) = Ker(y), d-h. di = [{ax)] = di-1.

Now let Z := Z*(A) # 1. Let F' be a free group and N,L < F with F/N = A and F/L =
(F/N)/(L/N) = A/Z. Let A := F/K be a maximal Schur extension of A with N/[F,N] = (F' N
N)/[F,N] & K/[F, N]. According to [Theorem 5.36 it holds that Z(A) = L/K and [F,L] < F' N K <

[F, N]. Therefore, the map

M(A)=(F'NN)/[F,N]— (F'nL)/|F,L] = M(A/Z), x[F, N| — z[F, L]

is injective. In particular, |[M(A)| < |M(A/Z)|. According to GT-Example-11.38, |M(A)| = d¥~1d5=2. ..
holds. On the other hand, there exist ¢; | d; with M(A/Z) = ¥~ .. e;_1. From |M(G)| < |M(A/Z)|
it now follows easily that di_1 < dj. O

Definition 5.40. Groups G and H are called isoclinic, if there are isomorphisms
0: G — H, v: GJZ(G) - H/Z(H), 2zZ(G)w— TZ(H)

with ¢([z,y]) = [z, 7] for all z,y € G. If applicable, 1 is called an isoclinism and we write G ~ H.

Remark 5.41.

(i) The property ¢([z,y]) = [Z, 9] does not depend on the choice of the representatives z. Further-
more, p(g)Z(H) = ¢ (9Z(G)) holds for all g € G'.

(ii) Obviously, isoclinism is an equivalence relation and isomorphic groups are isoclinic.
(iii) The map ¢: G’ — H' is uniquely determined by an isoclinism.

(iv) For G ~ H, it holds that G’ = H' and
G/Z(G)G' = (G/L(G))/(G/L(G)) = (H/Z(H))/(H/Z(H)) = H/Z(H)H'.
Therefore, |G| and |H| differ only by the so-called branching factor
Z(G)G' |G = 7(G)[(Z(G) N G).

For z € G' N Z(G), it holds that p(z)Z(H) = ¢ (x
of ¢ thus yields an isomorphism G’ NZ(G) = H’

Z(G)) =1, d.h. p(z) € Z(H). The restriction
NZ(H).
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(v) For G ~ H, by assumption ¢(G’') = H’ holds. Let us assume o(G*) = HI¥ for some k > 2.
For y € GI¥| it holds that § € ¢(y)Z(H) € HHMZ(H). For = € G, it follows that ¢([z,y]) =
[Z,9] € HFHU. This shows p(GFT) € HFU, For reasons of symmetry, equality must hold.
In particular, G = H for all k > 2. Furthermore, G/Z(G) = H/Z;(H) holds for k > 1. In
particular, G and H have the same nilpotency class (if nilpotent) and derived length (if solvable).

(vi) From G/Z(G) =2 H/Z(H) and G' = H', it does not follow that G ~ H (see [Example 5.48)).

Example 5.42.

(i) All abelian groups are isoclinic to each other. For every abelian group A, it holds more generally
that G =~ G x A.

(i) Let C;'\l and G5 be maximal Schur extensions of G. As in the proof of [Theorem 5.27, let G = F/N
and G; = F/K; for a free group F. For L/[F, N| = Z(F/[F, N]) the map

V: G1JZ(G1) 2 F/L = Gy)L(Gs),  xK1Z(G1) — 2K2Z(Gy)

is a canonical isomorphism. Since the isomorphism @’1 ~ F'/|[F,N] = A’Z is also canonical, 1
is an isoclinism. Conversely, not every group isoclinic to G (of the same order) is a (maximal)
Schur extension of GG. For example, by (s is a maximal Schur extension of itself,
but Qg =~ Dg.

(i) Let H < G with G = HZ(G). Then Z(H) = HNZ(G), H = G’ and the map H/Z(H) — G/Z(QG),
hZ(H) — hZ(G) is an isoclinism. Thus G ~ H holds.

(iv) Let G be finite. If Z(G) € ®(G), then there exists a maximal subgroup M < G with G = MZ(G).

By , G =~ M holds. Repeating the argument with M, one eventually obtains a subgroup H < G
with G =~ H and Z(H) < ®(H).

(v) Let N <G with NN G" = 1. Because of [G,N] < NNG" =1, we have N < Z(G). Obviously
G' - G'N/N = (G/N)', x — xN is an isomorphism. For zN € Z(G/N), it holds that [z, G] <
G'NN =1 and = € Z(QG). This shows Z(G/N) = Z(G)/N. Therefore G/Z(G) = (G/N)/Z(G/N),
2Z(G) — xNZ(G/N) is an isoclinism. It follows that G ~ G//N.

(vi) If H is a maximal Schur extension of G/Z(G), then H/Z(H) = G/Z(G) holds by [Theorem 5.36]
In general, G and H are not isoclinic (consider G = A4 and H = SL(2, 3)). The following theorem

shows that G is nevertheless isoclinic to a Schur extension of G/Z(G).
Definition 5.43. G is called a stem group, if Z(G) < G'.
Theorem 5.44 (HALL). Every group is isoclinic to a stem group.

Proof. Let {g; : i € I} be a generating system of G and A = @,.;(a;) = @P,c; Co. We consider
H:= ((gz,al)ZED <G x A

Because of 1 x A < Z(G x A), we have HA = G x A and G =~ G x A =~ H according to [Example 5.42|
Because of

[(9is ai), (95, a;)] = (9, 951, 1)

we have H' = G’ x 1. In H/H', the cosets of (g;,a;) generate a free abelian group, d.h. H/H' = A.
Therefore, Z := Z(H)/(Z(H) N H') = Z(H)H'/H' is also a free abelian group. By the universal

128ee appendix in the |Algebra notes
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property of free (abelian) groups, there exists a homomorphism a: Z — Z(H) with Z(H) = o(Z) ®
(Z(H)N H'). For K := a(Z), it holds that H ~ H/K, since K N H' = 1 (Example 5.42)). Because of

Z(H/K) = 72(H)/K = (Z(H)n HK/K < HK/K = (H/K)'

H/K is a stem group isoclinic to G. O

Remark 5.45. The stem groups in an equivalence class of isoclinic groups are exactly the represen-
tatives of minimal order, because the branch factor is trivial.

Definition 5.46. For n € N, let &, (G) be the number of conjugacy classes of G of length n.
Theorem 5.47. For finite groups G = H and n € N, it holds that k,(G)|Z(H)| = kn(H)|Z(G)].

Proof. Let ¢: G/Z(G) — H/Z(H), xZ(G) — ZZ(H) be an isoclinism. For g,z € G, it holds that
9€Cqlr) = [g,2] =1 <= o(lg,2]) =1 < [3,2] =1 <= g€ Cu().
This shows

Ca| = |G Cala)] = A 2O HZED 5 @) = Pa.

Ca(2)/Z(G)|  |Cu(2)/Z(H)|
All elements in 2Z(G) lie in conjugacy classes of the same length. For n € N, it follows that

1| U22(6)| = [20D)] Y 12(6)| = [2(6)| S 12(H)| = 12(G) ka(H)n. O

‘5:e|G xZ(G)eG/Z G) F2(H)EH/2(H)
al=n G al=n [il=n

|Z(H)|kn(G)

Example 5.48. The following code provides non-isoclinic groups G and H of order 64 with G’ = H’
and G/Z(G) 2 H/Z(H):

G:=SmallGroup(64,128);;

H:=SmallGroup(64,149);;

IdGroup (DerivedSubgroup(G))=IdGroup (DerivedSubgroup (H)) ;

IdGroup(G/Center (G))=IdGroup (H/Center (H)) ;
Number (ConjugacyClasses(G) ,K->Size (K)=2)=Number (ConjugacyClasses (H) ,K->Size(K)=2);

6 Extensions of the alternating groups

Remark 6.1. From group theory we know that the alternating groups A, are simple for n > 5. In
this chapter, we determine extensions of A, and with A,,.

Lemma 6.2. Forn >4, Cg, (A,) = 1 holds. In particular, Z(S,) = Z(Ay) = 1.

Proof. Let 0 € Cg, (A,) and 7 := (a,b,c) € A, be a 3-cycle. From o7 = 70 it follows that “{a, b, c} =
{a,b,c}. Now {a} is the intersection of all 3-element sets A C {1,...,n} that contain a (note: n > 4).
This shows o(a) =a fora=1,...,n. O
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Remark 6.3. For every homomorphism w: H — Out(A,) (n > 4), there is thus exactly one extension
of A, by H for the pairing w according to [Corollay 4.28] We must therefore determine Out(A,,).

Lemma 6.4 (GT-Exercise 39). Forn >3, A, =((1,2,3),...,(1,2,n)).

Proof. We argue by induction on n. The case n = 3 is clear. Now let n > 4. It suffices to show that
Ap, = (An—1,(1,2,n)) =: H holds. Suppose indirectly that o € A,, \ H. Then there exists a k # n
with “k = n. Choose 7 € A,,—1 with "1 = k. Then o7(1,2,n) € A,,_1 and we obtain the contradiction
o€ H. O

Lemma 6.5. Let Q be a set and G < Sym(Q2) with ezxactly one minimal normal subgroup. Then there
exists an orbit A C Q such that G acts faithfully on A.

Proof. Let Aq,...,As be the orbits of G. Let N < G be the unique minimal normal subgroup and
z € N\ {1}. Then there exists an 1 < i < s such that x acts non-trivially on A;. For the kernel K
of the restricted action G — Sym(4;), it thus holds that K N N = 1. This shows K = 1 and G acts
faithfully on A;. O

Remark 6.6.
(i) According to GT-Theorem 6.21 and GT-Theorem 6.39, the assumption of holds for

all symmetric and alternating groups.

(ii) For a k-cycle (a1, ...,ax) € Sy and an arbitrary permutation o € Sy, it holds that

olay,...,ap)o "t = (o(ay),...,o(ar)).

This shows that all k-cycles in .S, are conjugate. By decomposing into disjoint cycles, one obtains
that any two permutations o, 7 € S, are conjugate if and only if they have the same cycle type.
For o € A,, S0 C A, is a union of conjugacy classes of A,. Because of

[An : Ca, (0)] = [An : 4y N Cs,, (0)] = |AnCs,, (0) : Cs,(0)]

it holds that “»o = “Ang if and only if Cg,(0) € A,. Let 0 = 01 ...0; with disjoint cycles o;
of length \; (including cycles of length one). If \; is even, then o; € Cg, (o) \ A,. Now let us
assume that Ai,...,\; are odd. Suppose there exist i # j with A\; = A;. For 0; = (a1,...,ay,)
and 0j = (bl, RN b)\i), then (al, b1> . (a)\i, b)\i) S CSH(U) \An

In the case 7o # 4ng, the A1, ..., \; must therefore be odd and pairwise distinct. One can show
that the converse also holds.

Lemma 6.7. Letn >4 and A,—1 = H < A,,. Then H = Alt({1,...,n}\ {i}) for someic {1,...,n}

orn = 6.

Proof. Wlog. let n > 5. According to H acts faithfully on an orbit A C {1,...,n}. Because
of |H| = (n —1)!/2, it follows that |[A| > n — 1. We can therefore assume that H acts transitively on
{1,...,n}. In particular, n ‘ |H | } (n — 1)!. Hence we may assume n > 8.

Let f: A,_1 — H be an isomorphism and let 0 € A,,_1 be a 3-cycle. Obviously, A, _4 is isomorphic
to a subgroup of C4, , (o). In particular, Cy(f (o)) also possesses a subgroup C' = A,,_4. Let f(o) be
the disjoint product of k many 3-cycles. Obviously, C' permutes the orbits of f(o) (including trivial
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orbits). The kernel of this action is a 3-group and thus trivial. There is therefore a monomorphism
F: C — S,_ok. Because of |C| = (n —4)!/2, it follows that k& < 2. In the case k = 2, F is transitive
and one obtains the contradiction n = 3k = 6. Thus f(o) is also a 3-cycle.

Let f((1,2,3)) = (o, 8,7) and f((1,2,4)) = (0,¢, ). In the case {a, 5,7} N {d, €, 0} = 2,
A3 =((1,2,3),(1,2,4)) = (f((1,2,3)), £((1,2,4)))

would be abelian. In the case [{a, 8,7} N {6, ¢, 0} =1, (f((1,2,3)), f((1,2,4))) would act transitively
on the 5-element set {a, 8,7} U {d,€,¢}. Thus |[{«a, 5,7} N{d,¢,0}| = 2 and (f((1,2,3)), f((1,2,4)))
can move only four digits. By induction on k, one sees that (f((1,2,3)),..., f((1,2,k))) can move at
most k digits. Thus H = f(4,-1) = (f((1,2,3)),..., f((1,2,n —1))) (Lemma 6.4) is intransitive. But
this was already excluded. O

Theorem 6.8 (HOLDER). It holds that Aut(Ag) = Sg x Co and Aut(Ay) = S, for 4 <n #6.

Proof. Obviously S, acts by conjugation on A, with kernel Cg, (A,) =1 . This yields
a monomorphism ¥: S, — Aut(A4,). Let H; = Alt({1,...,n} \ {i}) for ¢ = 1,...,n. First, let
n # 6. According to Aut(A,) then acts on {Hi, ..., H,}. This yields a homomorphism
I': Aut(4,) — Sp. Let f € Ker(I') and o € A,,. Then

Hyoy; = f(o)Hif (0)7" = f(o)f(H:) f(0) ™" = foHio™") = f(Hos) = Ho;
and f(o) = 0. Thus T is injective. Therefore ¥ and T" are even isomorphisms. Now let n = 6.

Step 1: U(Ss) < Aut(Ag).

Obviously As acts faithfully and transitively on Syls;(As) by conjugation. This yields a monomorphism
[+ As — Sym(Syls(As)) = Se. In the case f(As) € Ag, we would have 1 # f(As) N Ag < f(A5) in
contradiction to the simplicity of f(Az) = As. Thus f(As) < Ag. Since f is transitive, f(As) # H; for
i=1,...,6. The action of Ag on the cosets Ag/f(As) yields a monomorphism ¢: Ag — Sg. As before,
©(Ap) = Ag, i.e. p € Aut(Ag). Since f(As) is the stabilizer of the trivial coset, ¢(f(A5)) = H; must
hold for some i € {1,...,6}. In particular, ¢ ¢ ¥(Ss).

Step 2: |Out(4g)| = 4.

Let ¢,9 € Aut(Ag) \ ¥(S). Obviously, every automorphism maps conjugacy classes to conjugacy
classes. According to [Remark 6.6, the set of 3-cycles is a conjugacy class C of Ag. If o(C) = C, then
one sees as in the proof of [Lemma 6.7| that ¢ permutes the subgroups H;. But then ¢ € ¥(Sg) would
hold. Thus ¢(C) = ¢(C) must be the conjugacy class of elements of cycle type (3,3), because these
are the only other elements of order 3. It follows that (p1)(C) = C and ¢y € ¥(Se). This implies the
claim.

Step 3: Aut(A6) = S@ X CQ.

As a subgroup of index 2, ¥(Sg) < Aut(Ag). It is therefore sufficient to find an element ¢ € Aut(Ag) \
U(Ss) of order 2. First, let ¢ € Aut(A4g) \ ¥(Ss) be arbitrary and let = := (1,2,3,4,5) € Ag. Then
o(x) is also a 5-cycle and therefore conjugate to x in Sg . Thus, if one replaces ¢ by a
suitable element from the coset pW(Sg), one can assume ¢(x) = . Thus there exists a y € Cg, ()
with ¢? = W(y). Since Sg has exactly 6 - 4! cycles of length 5, |Cg, ()| < 5 and thus y € Cg,(x) = ().
This shows |(p)] € {2,10}. Thus ¢° € Aut(4g) \ ¥(S6) has order 2. O

Theorem 6.9. For 4 < n # 6, every extension with A, splits.
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Proof. According to [Theorem 6.8 Inn(A,) = A, has a complement in Aut(4,) = S,. The claim
follows from [Lemma 6.2] and [Corollay 4.28] O

Remark 6.10. According to [Theorem 6.8 Out(Ag) = C3. The next theorem shows that [Theorem 6.9
is false for n = 6.

Theorem 6.11. The extension Aut(Ag) of Inn(Ag) = Ag does not split.

Proof. Assume A < Aut(Ag) is a complement of Inn(Ag). Let ¥(Sg) < Aut(Ag) be as in the proof
of [Theorem 6.8] Then |¥(Ss) N A| = 2. Let o € Sg be an involution with o := ¥(0) € A. Because
of Inn(4g) N A = 1, o has cycle type (2) or (2,2,2). Wlog. let o € {(1,2),(1,2)(3,4)(5,6)}. Let
g€ A\ ¥(Sg). As in the proof of B interchanges the 3-cycles with the permutations of
cycle type (3,3). Because of |A| =4, A is abelian.

Case 1: 0 = (1,2).
It holds that

B((3,4,5)) = (Ba)((3,4,5)) = (B)((3,4,5)) = (1,2)8((3,4,5))(1,2),
but (1,2) cannot centralize any permutation of cycle type (3,3). Contradiction.

Case 2: 0 = (1,2)(3,4)(5,6).
Obviously, (1,3,5)(2,4,6) is centralized by o. The same calculation as in Case 1 with (1,3,5)(2,4,6)
instead of (3,4,5) shows that o centralizes a 3-cycle. This is also impossible. O

Remark 6.12. The exceptional behavior of Aut(Ag) can be explained by the (likewise exceptional)
isomorphism Ag = PSL(2,9) (Exercise 18]).

G:=AlternatingGroup(6);;
A:=AutomorphismGroup(G) ;;
sub:=Subgroups0fIndexTwo(A);;
List (sub, IdGroup) ;

IdGroup (SymmetricGroup(6)) ;
IdGroup(PGL(2,9));

IdGroup (MathieuGroup(10));

Lemma 6.13. Forn € N, it holds that |M(S,)| < 2.

Proof. We use the presentation
Sp=(x1,..., 001 | 27 = (zizis1)® = [z, ;] =1furi<j—1)

from [Theorem 2.18| Let F' and N be as in [Theorem 5.24. Let F := F/[F, N] and 7; := z;[F, N] € F
fori =1,...,n — 1. Let a; := 732, b; := (TiZiz1)> and ¢ij = [x;,x;] be elements in N. Because of
N < Z(F), these are generators of N (one does not need the normal closure). Since one can realize x;
by the transposition (i,i + 1), there exist g € F, y, 2 € N with gz;g~ ' = z1y and ga;5~ " = 23y (note:
i < j—1). Because of N < Z(F) it follows that

Cij = ?Cz‘jﬁ_l = [gzig~!, gz;97 Y = [T1y, T3Z] = [x1, 23] = c13.

Furthermore,
2 —\2 _ “1\2 _
ciza3 = (€1373)° = (v1232] )" = a3
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and thus c?; = 1. A similar calculation shows
bia; ta = (bi(TiaTiwin) )? = (Twim)® = afain
and it follows that b7 = (a;a;1+1)3. We set dy := ay and d;y1 = b;(a;a;+1) L. Then dgﬂ = a;a;11 and
N ={dy,...,dn_1,c13)

with ¢Z; = 1. According to [Theorem 5.24] the free part of N has rank n — 1. Therefore dy, ..., dp—1
must have infinite order. The torsion part is thus (c13). The claim now follows from [Theorem 5.24] [

Lemma 6.14. For n € N\ {6,7} it holds that |M(A,)| <2 and |M(Ag)|, |M(A7)| <6.

Proof. The cases n < 7 can be handled with GAP or GT-Corollary 11.19. So let n > 8 and

2
n—2

as in We use the notation from with a1 = 772, a; = 7> (i > 2),
bi = (TiZiz1)®, ¢ = (T17;)? (i > 3) and ¢;; := [77,7;] for 2 < i < j—1. Asin , it then
follows that ¢ := co4 = ¢;5, ¢® = 1 and b7 = (a;a;41)> for i > 2. For z;11 := bi(a;a;+1) "', it thus holds
that (b;, a;ait1) = (zi+1) for i =2,...,n — 3. For i > 3, we have

Ap = (1, ang |2l =ad = = a)_y = (ziwip1)® = (wixj)? = 1 for |j —i| > 1)

1 -1

a1 = (27 '212;)° = (a1 e0)® = a7 (o] ' i)?

Ci)

13 = a?.| We set 21 := a1(czaz ')~ and obtain (a1, czaz ') = (z1).

and | (c;a;

From ¢4 = 71 ' (7122)°71 = (T277)? and ¢ = a2a4[@_1,ﬂ_1]a51a21 = [m3~ !, 717 Y, it follows that

$4x1x2m21 = C4xf1lex2x4af = 04331_13620@;1 = 5132(33'1332)_11'2_10,264CCL21.

The third power yields

-1.3 3. -3
b1 = by “ajcycay”.

Due to (cqa;')® = a?, one obtains b? = afade. With 23 := bia;'ay e, it holds that 23 = agc and

For ¢ > 5, we have

xgxlxixgl = c;;xl_lxglacixgagl = 63x1_1xi03ia§1
and ¢; = (03a§1)2(xf1xi)2 after squaring. Because :L"flxi = a;7; Y(Z17;) ' 73, it follows that (cia;1)2 =
(czaz )2 On the other hand, (c;a; ') = a? = (czaz*)? also holds. This shows c;a; ' = czaz * for i > 5.
The same calculation with index 4 instead of 3 yields C4a21 = Cceag L Therefore, (z1) = (a1, cia;1> for
1=3,...,n—2.

Overall, we have o
N = (a;,bi,ci,¢) = (z1,..., 2n—2,C)

and it follows that |M(A,)| < 2. O

Theorem 6.15. It holds that
1 ifn <3,

M(Sn) = {CQ if n > 4.
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Proof. Wlog. let n > 4. According to it suffices to construct a proper Schur extension of
Sy. Let

~

Spi= (21, wn-1,2 | 22 =1, 2} = (viwi1)” = [wi, 2] = 2 for i < j — 1),

By von Dyck, there exists an epimorphism Sp — S, with kernel (z). Because of z? =[x, 7] = 2, we
have z € Z(S,) NS’ . However, z = 1 could hold. We define matrices in GL(2", C) as iterated Kronecker
products of 2 x 2 matrices:

0 i 0 -1 1 0
My = C* Mg a@15* 0 My = 050 g B¢

for k= 1,...,n. Let additionally Mgy := Ogn. Because of A2 = B? = —~C? = [A,B] = [A,C] = [B,C] =
—1o, it holds that M? = [My, M;] = —I := —19n for k # [. We now set

X (\/ﬁMk_\/iMk 1)

ﬁ\

for k=1,...,n— 1. It follows that

i((’f + DI+ (k-1I)=-I (= X} € GL(2",C)),

X X = X1 X, (k <l- 1),

Xp1 Xy = QW(*/’“” )(k + 1) M1 My, — /(k + 2)(k — 1) Mys1 My
VR KL+ Rk — 1)MkMk,1>

=1I— XpXpy1,
Xp X1 X = Xp(I — Xpo Xpq1) = Xoo + X1 = (I — X Xpoy1) X1 = Xp 1 X Xio
(XpXp+1)? = X X1 X X1 X X1 = (1) = — 1.

XZ=-

By von Dyck, there exists an epimorphism I': §n — (Xy,...,X,—1) with I'(2) = —I. Thus z # 1 in
Sh- O

Remark 6.16. According to|Theorem 5.19, S, has at most ged(|S,./Sy, |, [M (S,)|) = 2 maximal Schur
covers. In addition to S, there is also the Schur cover

Spi=(x1,. . a1, 2| 22 = 1,27 = (wziy1)® = 1, [z, 2] = 2z fir i < j —1).

One easily shows Sy = GL(2,3). More generally, let ¢ be an odd prime power, Fy = (¢) and z :=
(_01 g) € GL(2,¢). Then = induces an outer automorphism « of SL(2,q) of order 2 by conjugation.
It holds that SL(2,5) x (o) = S5. Through a similar construction, one arrives at Sg = SL(2,9) x Cy
(cf. . Now let ¢ € FX be of order 2(q — 1) and x := diag(¢,(™!) € SL(2,¢?). Then
K(q) = SL(2,q)(z) < SL(2,¢?) is a non-split extension with L K(3) = S, and K(5) = Ss (without

proof). An outer automorphism of Sg yields an isomorphism 5’6 > Sg. For n # 6, however, S, 2 Sy,
(Exercise 21| and |Remark 5.22)). For larger n, the Schur covers of \S;, are not “known” groups.

S1:=SchurCover0fSymmetricGroup(5,3,1); #§5 as a matrix group over I3
S2:=SchurCover0fSymmetricGroup(5,3,-1); #§5

IdGroup(S1); IdGroup(S2);

IsomorphismGroups (SchurCover0f SymmetricGroup(4,3,-1),GL(2,3));
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Theorem 6.17. It holds that

10y ifn=4,5,8,9,....

Proof. One easily checks that SL(2, 3) is a Schur extension of A4 (cf. [Exercise 15]). Therefore M (A4) =
O3 holds. Now let n > 5, A, = §’ and Z := Z(S ) < Z(A ). Then A, /Z = (S,/Z) = 5, = A, and
A02/7 = (An)2) = A, = Ay Tt follows that |S,/AL| = |S,/A,l|An/AL| < 4 and Z < S, < AL,
Thus A, is a Schur extension of A, and 2 | |M(n)| for n > 5. For n ¢ {6,7}, A, is the universal Schur
extension of A, according to [R

It therefore suffices to construct Schur extensions A\G and 121\7 with Z(A\6) = Z(A}) & (3. We generate ;{6
by monomial matrices in GL(6,4). Let F} = (¢), ¢ := ¢! and (a1, ..., a6;0) := (ai0jo(j))i; € GL(6,4)
for ai,...,a¢ € F4 and o € Sg. We define

2 = (1717171727 G (13)(56))
3 .= (17 CaZv Caz’ 1’ (23)(45))

:(Z’]"g?l?C?Z; (1 )( ))'

Let G := (z1,22,23,24) (note that the given permutations generate a transitive As). A calculation
shows
23 =1l =25 = 23 = (1112)° = (vex3)® = (2324)% = (2124)% = (w214)? =1

and z := (z123)% = (lg € Z(G). Furthermore 2z = mjz37173 = x1x3x4xf1x4x3 = [x1,2324] € G'.
According to Moore, G is a Schur extension of Ag with Z(G) = (z) = Cs. We now add

1 ¢ 1 ¢ 1 .

c1¢.¢1

e [T 1T T

¢ .c1¢1

L ¢ . ¢1¢

1 ¢ 1 ¢ 1
A further calculation yields 22 = (z2w5)% = (w375)? = (z425)° = 1 and (2125)? = 2. Therefore
(x1,...,x5) is the desired Schur extension A. O]

Remark 6.18.

(i) The Schur extension Ag with |Z(;l;)| = 3 constructed in the proof can be embedded as an
imprimitive permutation group of degree 18 in C'51 Ag. One calls Ag the VALENTINER. group.

(ii) Suppose the (universal) Schur extension A7 has already been constructed. Then there exists a
subgroup Z < H < A7 with H/Z = Ag. For P € Syl;(H), we also have P € Syl;(A7). According
to Taunt (GT-Theorem 7.15), P is non-abelian and therefore Z = [P, P| < H'. Thus H is a Schur
extension of Ag. It therefore suffices to construct ﬁ7. We have already done this with GAP in

[Remark 5.18 The group can also be constructed in other ways:

PerfectGroup(IsPermGroup,15120); #only perfect group of this order
LoadPackage("atlasrep",false);
AtlasGroup("6.A7"); #requires internet on first access

DoubleCoverOfAlternatingGroup(10,3); #A/l\o as a matrix group over 3 with Z(Zl\o) = Oy

(iii) Blackburn has constructed all extensions of elementary abelian groups by S, and A,,.
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7 Symplectic Groups

Remark 7.1. The most complicated simple groups are the groups of Lie type. These are certain
matrix groups over finite fields, of which we have already constructed the projective special linear
groups PSL(n, q) in Group Theory. In this chapter, the (projective) symplectic groups PSp(2n,q) are
introduced, which only exist in even dimension. For n = 1, we have PSp(2, ¢) = PSL(2, q). For n > 2,
one obtains “new” simple groups. The proof uses Iwasawa’s Lemma. In contrast to PSL(n, q), we try
to argue “coordinate-free” this time.

Definition 7.2. Let K be a field and V a finite-dimensional K-vector space. Let 5: V x V — K,
(v,w) + [v,w] be a bilinear form with the following properties:

e (non-degenerate) For all v € V'\ {0}, there exists a w € V with [v, w] # 0.
e (alternating) For all v € V', we have [v,v] = 0.

With respect to [.,.] one calls V' a symplectic space. Forv € V and U C V, let v+ = {w € V : [v,w] =
0} <V and U+ .= ﬂueUuJ_ <V.

Remark 7.3. From [v,v] = 0 follows the antisymmetry [u,v] = [u + v,u + v] — [v,u] = —[v,u]
for u,v € V. For char K # 2, the terms “alternating” and “antisymmetric’ are equivalent, because
[v,v] = —[v,v] = 0. For char K = 2, symmetry and antisymmetry are identical.

Theorem 7.4. For U <V, we have dimV = dim U + dim U+ (but not necessarily U N U+ = 0).

Proof. We extend a basis b1,...,b; of U to a basis by,...,b, of V. With respect to this basis, we
identify V with K™. For the Gram matrix B = ([b;,b;]) of 3, it then holds that [v,w] = vBw® for
v,w € V. Since (3 is non-degenerate, B is invertible (alternating is not required for the proof). The first
k rows of B form a matrix A of rank k = dimU. Now U~ is the solution space of the homogeneous
system of equations Az = 0. From linear algebra, it follows that dimU+ =n—k = dimV —dimU. O

Theorem 7.5. There exists a basis by, ..., by, c1,...,cp of V with [b;, bj] =0 = [¢;, ¢;] and [b;, c;] = d;;
fori,j=1,...,n. In particular, dimV = 2n is even (cf. GT-Exercise 70).

Proof. Induction on dimV. Let by € V \ {0}. Since /5 is non-degenerate, there exists ¢; € V with
[b1,c1] # 0. After scaling, [by,c1] = 1 holds. Now let U := (by,c1). Obviously U N U+ = 0 and
shows V =U@U". For u € Ut, there exists a v € V with [u,v] # 0. Writing v = v1 + vo
with v; € U and vy € U+, it follows that [u,ve] = [u,v] # 0. Therefore, the restriction of 8 to U~ is
also non-degenerate and alternating. The claim now follows by induction. O

Definition 7.6.

e We call (v,w) € V? with [v,w] = 1 a hyperbolic pair. A basis as in [Theorem 7.5 is called
symplectic.

e We call

Sp(V) := {f € GL(V) : [f(v), f(w)] = [v,w]} < GL(V),
PSp(V) := Sp(V)/Z(Sp(V'))

the (projective) symplectic group of V.
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Remark 7.7.

(i) The Gram matrix of § with respect to a symplectic basis is B = (_({n 161). For v,w € K?" with
respect to this basis, [v, w] = vBw" holds. This shows

Sp(2n, K) := {A € GL(2n,K) : A*BA = B} = Sp(V).
In particular, the isomorphism type of Sp(V) does not depend on (. For finite fields, we set
Sp(2n, q) := Sp(2n,F,).
(ii) For A = (Al A2) € Sp(2n, K), it holds that

Al Ag><A3 A4> ¢ ( 0 1n>

=A"BA=B=
(Ag AV ) \—A1 —A, -1, 0)°
thus A A3 = AYA;, AYAy = AY Ay and AYAy = 1, + AYAs. For n = 1, the first two equations
are trivial and the third states det(A) = 1. This shows Sp(2, K) = SL(2, K). For arbitrary n,
(%1 A(%t) € Sp(V) for all A; € GL(n, K). Therefore, GL(n, K) is isomorphic to a subgroup of
Sp(2n, K).

(iii) We can also arrange the Gram matrix of § in the form B = ( 0 (1)) B...d (_01 (1]) Then it follows
that Sp(2k, K) x Sp(2(n — k), K) < Sp(2n, K) for 0 < k < n.
Lemma 7.8. It holds that Z(Sp(V')) = Sp(V) N K*id = (—id).

Proof. Because of —id € Sp(V)NK*id C Z(Sp(V)), we only need to show Z(Sp(2n, K)) C (—13). For
n=1,7(Sp(2,K)) = Z(SL(2, K)) = (—13) (in the case char K = 2, —15 = 13). So let n > 2. We Write
A:(ﬁégi)GZ(Sp(Qn,K)) 1n . For M = (OC— )ESp(Qn K) with C € GL(n, K), i
holds that

<A10 Agc_t CAy CAy )

AsC A4Cit CitAg CitA4

This shows A1, Ay € Z(GL(n,K)) = K*1,. For C = 1, + E;; with i # j, it follows that E;;j Ay =
—AEj; and Ay = 0. Analogously, A3 = 0 and one obtains A} = A;! € GL(n, K). Let A € K* with
Ay =1, and Ay = A7'1,,. Because of B = (_?n 10") € Sp(2n, K), it also holds that

0 Al . i . 0 A4
(_A4 O)_AB_BA_<_A1 0).

Thus A = A~ = +1. O

-

Theorem 7.9. It holds that
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Proof. According to the second equation follows from the first. Every f € Sp(V) maps
a symplectic basis to a symplectic basis. Conversely, one can define exactly one f € Sp(V') this way.
Therefore, |Sp(V)| is the number of symplectic bases of V. For by € V\{0}, there are ¢°"—1 possibilities.
The vector ¢y defines exactly one coset ¢; + bll. Thus, there are \bll] = ¢*"~! possibilities for ¢;. In the
case n = 1, it follows that [Sp(2,q)| = q(¢® — 1) as claimed. Now let n > 2 and U := (by,c;1). As in

Theorem 7.5, V = U @ UL and bo, ..., by, c,...,c, form a symplectic basis of U+. By induction on
n, it follows that

n n

Sp(2n, ) = ¢ 1 (¢*" = 1)ISp(2n — 2,9)| = " [[(¢* - 1) =¢” [[(¢* -1). O
k=1 k=1
Definition 7.10. For A € K and v € V, the linear map
hw: V=V, x = x+ Mz, v

is called a (symplectic) transvection.

Remark 7.11. For A\,u € K and v,x € V, we have
tao(tuw(®)) = thao(x + plz,vjv) = 2 + plz, vlv + Az + plz, v]v, vjv = ().

In particular, t , is invertible with t;\i = t_),-. Because of

[taw(@), trw ()] = [x,y] + ANz, v][v,y] + Ay, v][z,v] + )\2[30,1)] [y, v][v,v] = [z, ]

it follows that ¢, € Sp(V'). Obviously, v is the fixed point space (eigenspace for the eigenvalue 1) of
txv. For a hyperbolic pair (v, w), we have ty,(w) = w — v € w+ v+, This shows det(ty) = 1. For
g € Sp(V), we have

(gtreg™ (@) = g(g™ (@) + Mg~ (@), v]v) = 2 + Alz, g(v)]g(v) = tr () (@).
For € K, we have

b guo(2) = &+ Al el = & = 7+ N[, oo = Ly, (2)
Lemma 7.12. The symplectic transvections generate Sp(V'). In particular, Sp(V)) < SL(V).

Proof. According to [Theorem 7.9| it suffices to show that S := (t), : A € K,v € V) acts transitively
on the set €2 of all symplectic bases. Let v,w € V' \ {0}. If X := [v,w] # 0, then

thty (@) =0+ A v, 0 —wl(v—w) =v— (v—w) =w.

Otherwise, choose = € V'\ (vt Uw™). One can now realize v +— z +— w by two transvections. Thus S
is transitive on V' \ {0}.

Now let u,v,w € V with [u,v] = [u,w] = 1. Then v — w € u’. In the case A := [v,w] # 0, it
holds that ty-1,_,(u,v) = (u,w). Otherwise, set = := u + v. Then [u,v] = [u,z] = [u,w] = 1 and
[v,2] # 0 # [x,w]. One can therefore realize (u,v) — (u,z) — (u,w) by two transvections. Thus S is
transitive on the set of hyperbolic pairs.

Finally, let by,... by, c1,..., ¢y and b, ..., b, ¢}, ..., c, be symplectic bases of V. According to what

yUnos
has already been shown, we can assume (b, c}) = (b1, ¢1). Then

/

/ / /
ba,....bp,co,...,cp and by,... b, Cy, ..., Cp
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are symplectic bases of (b, c;)*. By induction, there exists a product of symplectic transvections on
(b1,c1)* that maps (b2,...,bn,c2,...,¢n) to (b, ..., 0, ch ... ch). For z € (b, c1)t, by and ¢ are
fixed by t) .. The transvections on (b, c1)® can thus be extended to V = (b, c1)® @ (b1, c1) by acting
trivially on (b1, ¢1). Thus one can map by, ..., by, c1,...,¢, to by, ... 0, ¢4, ..., ¢, using S. O

Theorem 7.13. For every finite field K, PSp(V) acts faithfully and primitively on the set Q of 1-
dimensional subspaces of V.

Proof. For Sp(2, K) = SL(2, K), the claim is known. So let n > 2 and ¢ := |K|. According to GT-
Lemma 10.7, G := Sp(V') < SL(V) acts on Q with kernel Sp(V) N K*id = (—id). Thus G := PSp(V)
acts faithfully on €. According to the proof of G acts transitively on Q. Let U := Ku € Q
and Gy be the stabilizer of U in G. Let (u,u’) be a hyperbolic pair. As in the proof of ,
G. C Gy acts transitively on ' + u'. Since every vector in u’ + u spans a different subspace, Gir
has an orbit of length > ¢! on Q. Let v,w € u* \ U. In the case [v,w] # 0, one can map (u,v) to
(u,w) as in the proof of [Lemma 7.12] Now let [v,w] = 0. Because of

()t = () #£U = ()t # (wh)*

it follows that v+ # ut # wt. Let x € u* \ v+ and y € vt \ wr. In the case ut C v+ Uw', we have
rewh yecovt and one obtains the contradiction = +y € ut \ (vt Uw'). This shows ut ¢ vt Uwt.
So let € ut \ (vt Uwt). One can now realize (u,v) — (u,z) > (u, w) with two transvections. Thus

G, and Gy are transitive on u' \ U. This yields an orbit of length i 7q < ¢* 1. Because of
2n 2n—1
g —4q9 _ 4 —4q 2n—1
Q U = =
N R B
Gy has two orbits on Q \ {U} with lengths ¢?"~! and q27;:11—q.
Suppose G is imprimitive on  with block A >U. T hen one of the two non-trivial orbits of Gy
—1 2n
must lie in A. However, ¢*"~! + 1 and ¢ = _q +1 =2 T —L are not divisors of |Q| = = 11 =
¢+ ¢ 24+ ...+ 1. This contradiction shows that G and G act primitively. O

Lemma 7.14. Forn > 2 and (n,q) # (2,2), Sp(2n,q) is perfect.

Proof. According to [Lemma 7.12] it suffices to show that the transvections are commutators. Let first
q >4 Let v e V\{0}and A € K*. Choose p € K* \ {£1} and set o := A(1 — p?)71. As is well

known, there exists g € Sp(V') with g(v) = p?v. According to [Remark 7.11] it holds that

Sp(V)' 3 [taw gl = towgt—aﬂ)gil = taploa,g(w) = tawl-ap?e = ta(1—p2)0 = Do

Now let ¢ = 3 and by, ...,bp,c1,...,c, be a symplectic basis of V. We define g, h € Sp(V') by

g(b1) :== by + by, g(c1) = ca, g(b2) = b1, g(e2) == c1 — ez,
h(by) := b1 — c1 + co, h(c1) = e, h(bz) :=bs + 1, h(cg) = co

and g(b;) = h(b;) = b; as well as g(¢;) = h(c;) = ¢; for i > 3. It holds that

9, B)(b1) = ghg™" (b1 + ¢1 — c2) = gh(ba + c2) = g(by + €1 + c2) = b1 + ¢,
[9,h](c1) = ghg™ ' (c1) = ghlc1 + c2) = gler + ¢2) = cu,

(9, h](b2) = ghg ™" (b2 — 1) = gh(b1 — b2 — ¢1 — c2) = g(b1 — ba) = ba,

9, h)(c2) = ghg " (c2) = gh(c1) = g(c1) = ca,
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Le tie =[g,h] €Sp(V) and t_1 ., = tiil € Sp(V). Since ¢; is arbitrary, the claim follows.
Finally, let ¢ = 2 and n > 3. This time we define

g(b1) := by + bz, g(c1) = cs, g(b2) == by, g(c2) := c1 + ez,
g(b3) := by, g(c3) = ca, h(by) := by + ca, h(ci) :=c1,
h(bg) = by + c1 + o + c3, h(CZ) = Ca, h(bg) = b3 + co + c3, h(63) = c3

and g(b;) = h(b;) = b; as well as g(¢;) = h(c¢;) = ¢; for ¢ > 4. It holds that

(g, h](b1) = ghg (b1 + c2) = gh(b2 + c3) = g(ba + c1 + c2) = by +c1,
g, hl(c1) = ghg™" (1) = gh(er + ¢2) = g(e1 + ¢2) = 1,
9, h](b2) = ghg™ ' (b2 + 1 + ca + ¢3) = gh(bs + c2 + ¢3) = g(b3) = b,
(9, h](ca) = ghg ™ (c2) = gh(cs) = g(e3) = e,
[9, h](b3) = ghg (b3 + co + ¢3) = gh(by + by + ¢1 + ¢3) = g(by + by) = b3,
[9,h](c3) = ghg™(c3) = ghler) = g(e1) = e,
i.e. t1c, = [g,h] € Sp(V)'. This shows the claim. O

Theorem 7.15. It holds that Sp(4,2) = Sg. In particular, Sp(4,2) = PSp(4,2) is not perfect.

Proof. Let V := {z € F§ : 3% 2; = 0} < F§ and U := ((1,...,1)) < V. The symmetric group Sg
acts faithfully on V/U = F5 by permutation of the coordinates. The “standard scalar product”

6
v+ Uw+U]:= Zviwi
i=1

is a well-defined alternating bilinear form on V/U. Let v + U # 0, wlog. v; = v2 = 1 and v3 = 0. Then
w+U :=(0,1,1,0,0,0)+ U € V/U with [v+ U, w+ U] # 0. Thus the bilinear form is non-degenerate.
Finally, for o € Sg it holds that [o(v) + U,o(v) + U] = [v 4+ U, w + U]. This shows Ss < Sp(4,2). On
the other hand, according to , ISp(4,2)| = 24(22 — 1)(2* — 1) = 720 = | Sg|. O

Theorem 7.16. Forn > 2 and (n,q) # (2,2), PSp(2n, q) is simple.

Proof. According to the previous theorems, G := PSp(2n,q) is perfect and primitive on the set of
1-dimensional subspaces of V. Let U := (u) < V with u # 0 and A := {£ty, : A € K} < Gyp.
Obviously, A is abelian and normal in Gy. Furthermore, every transvection in Sp(V') is conjugate to

tau With some A € K. From |Lemma 7.12{it follows that (gAg~! : g € G) = G. According to Iwasawa’s
Lemma from group theory, G is simple. O

Remark 7.17. Another family of simple groups of Lie type can be constructed using subgroups of
Sp(4,q) with ¢ = 22"*! and n € N: Let eq, 2, e3,e4 be a symplectic basis on V = IE“;L with [e1, es] =

o6



1 = [eg, e4] We define a commutative multiplication on V' by

er if {i,j} ={2,3},
eo if {i,7} ={1,2},
eixej:=1<es if {i,j} ={1,4},
ey if {i,5} ={3,4},
0  otherwise

4

4 4
(Z )\iei) * (Z uiei) = Z ()\l-,uj)Qnei * €
i=1 i=1 ij=1
for \;, pi; € Fy. Let U := {(u,v) € V*: [u,v] = 0} and
Sz(q) == {f € Sp(V) : V(u,v) € U: f(u) * f(v) = ux v} < Sp(V).
One calls Sz(q) the Suzuki group over F,. It is simple with order
S2(q)| = ¢*(¢® +1)(¢ —1) = ~1 (mod 3).

The Suzuki groups are the only non-abelian simple groups whose order is not divisible by 3. Because
of 4+ 1=16"-4+1 = 0 (mod 5), the order of every non-abelian simple group is divisible by 3
or 5 (even by 12 or 26 .5 according to Feit-Thompson). The subgroup structure and the character
table of Sz(q) are, similar to PSL(2, q), very clear (the Sylow subgroups for odd primes are cyclic, cf.
GT-Theorem 10.13). Suzuki also discovered a sporadic group of order 448, 345,497, 600.

8 Unitary Groups

Remark 8.1. After the linear and symplectic groups, we treat in this section a third family of (simple)
groups of Lie type.

Definition 8.2. Let ¢ # 1 be a prime power, K = F 2 and V' a finite-dimensional K-vector space. Let
Gal(K|Fy) = (o) = Cy with T := a(z) = 29 for x € K (cf. complex conjugation). Let V x V' — K,
(v,w) — [v,w] be a non-degenerate sesquilinear form, i.e. for u,v,w € V and A € K it holds that

YVu # 0 Fv: [u,v] # 0,

[u+ Av,w] = [u, w] + A\[v,w],
[u,v] = [v, ul.
With respect to [.,.] one calls V' a unitary space.

Remark 8.3.
(i) In the following, let V' always be a unitary space.
(ii) For u,v,w € V and XA € K it holds that

[u,v + Aw| = [v + Aw, u] = [v,u] + Nw, u] = [u, v] + Au, w].
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(iil) For K* = (¢) it holds that (¢ = (?*! € F,. Therefore, the norm N: K — F,, x + a7 is
surjective. Let x € K be in the kernel of the trace S: K — Fy, y — y 4+ 7. Then z = —2 holds
and it follows that x = 0 or 29~ = —1. This shows |Ker(S)| < ¢. As a linear map, S must also be
surjective according to the homomorphism theorem. For v € V' it holds that [v,v] = [v,v] € F,.
In the case [v,v] # 0 there exists a A € K with [Av, \v] = 1, i.e. v can be normalized. In contrast

to K = C, there are vectors v # 0 with [v,v] = 0 (see [Lemma 8.10).

(iv) As usual, one defines v+ and S+ < V for v € V and S C V. As in [Theorem 7.4, one shows
dimU + dim U+ = dim V for all subspaces U < V. From this, the usual rules follow:

UhHt =1, UCW — Wcu, U+W):=vtnwt.

If V = U&®U- holds, then the restriction of [.,.] to U is non-degenerate. Therefore, U is a unitary
space. We will use this frequently for induction on dim V.

Theorem 8.4. Every unitary space V possesses an orthonormal basis by, ...,bn, i.e. [bj,bj] = 0
holds.

Proof. Let v € V' \ {0}. Since [.,.] is non-degenerate, there exists a w € V with [v,w] # 0. After
scaling, we can assume [v,w] + [w,v] # 0 (for char K # 2 one can choose [v,w] = 1). In the case
[v,v] = 0 = [w,w], it holds that [v + w,v + w] # 0. In any case, one finds a b; € V with [b,b;1] # 0.
After normalization, [b1,b1] = 1. In the case n = 1 we are finished. So let n > 2 and U := b;-. Obviously
V = (b1) ® U holds. According to U is a unitary space of dimension n — 1. By induction
on n, we can assume that U possesses an orthonormal basis b, ..., b,. Obviously by,...,b, is now an
orthonormal basis of V. O

Example 8.5. As over C, one sees that V' = K™ with respect to the standard inner product
[v,w] = vWT + ... + VW, (v,weV)

is a unitary space. The standard basis eg,...,e, is an orthonormal basis of V. According to
we can often restrict ourselves to this special space in the following.

Definition 8.6. A linear map between unitary spaces f: V' — W is called an isometry, if [f(u), f(v)|lw =
[u, v]y holds for all u,v € V. One defines the groups

GU(V) := {f € GL(V) : Yo,w € V : [f(v), f(w)] = [U,w]} (general unitary group),

SU(V) :=GU(V)NSL(V) (special unitary group),

PSU(V) :=SU(V)/Z(SU(V)) (projective special unitary group).
Remark 8.7. Since [.,.] is non-degenerate, every isometry is injective. Let f € GL(V) with matrix

A € GL(n, K) w.r.t. the standard basis. For v,w € V it holds that [f(v), f(w)] = [Av, Aw] = v* At Aw".
By substituting the standard basis one sees

Yo,w €V i [f(v), f(w)] = [v,w] = A'A = 1,.
In this way one obtains the matrix groups
GU(n,q) := {A € CL(n,¢?) : A'A = 1n}
SU(n, q) := GU(n, q) N SL(n, ¢*),
PSU(n,q) :== SU(n,q)/Z(SU(n,q)).

13Attention: GAP uses a different basis by default. One must explicitly specify the Hermitian form:
GU(n, g, IdentityMat(n) * Z(q)°).
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Example 8.8. For every permutation matrix P € GL(n,q?) it holds that P'P = P7'P = 1,, i.e.
P € GU(n, q). Therefore GU(n, q) (resp. SU(n, q)) possesses a subgroup isomorphic to S,, (resp. Ay).

Lemma 8.9. It holds that Cqr,vy(SU(V)) = K> idy.

Proof. Wlog. let V = K™ with n > 2. Let K* = (¢). Because of (47101 = 4= 10"~ = ¢*~1 = 1 it
follows that D := diag(¢?~1,¢179,1,...,1) € SU(n,q) \ {1,,} (also for ¢ = 2). It follows that

a 0 0
CGL(V) (SU(V)) - CGL(v) (D) = 0 b O - a, be KX,A S GL(n - Q,K)
00 A

By permutation of the coordinates one obtains that Cqr,y)(SU(V')) consists of diagonal matrices.
Because of

0 --- 0 (=1t
1
€ SU(n, q)
1 0
only scalar matrices can centralize SU(V'). Conversely, of course K*idy < Z(GL(V)) holds. O

Lemma 8.10. For A € F, let V) :={v € V : [v,v] = A}. Then it holds that
2y = ‘Vb| — q2n71 + (_1)nqn71(q o 1),
wy = V1| = ¢"H(g" — (=1)").

Proof. Wlog. let V = K™ with respect to the standard scalar product.

(i) Forn=1,Vo={0}and z; =1 = g— (¢— 1) as claimed. Let n > 1 and v = (¢, v,,) € K"*! with
v/ € K™ and [v,v] = 0. In the case [v/,v'] = 0, it follows that v,, = 0. There are z, possibilities
for this. Now let [v/,v/] # 0 and K* = (¢). Let a € Z with —[v/,v'] = ¢*(*1). From

It = 0,7 = [v,v] — [V,0] = —[v/, 0]

it follows that v, € ¢(*(¢9~1). There exist exactly [(C9~!)| = ¢ + 1 elements with this property.
This shows
It = 20+ (67" = 20) (g +1) = "+ 4P — gz

The claim follows by induction.
(ii) For A # 0, VA = Vi¢at1, v = (o is a bijection. With (i) it follows that
2n

— Z _ — —
wo =Vl = £ = = () = - (1)), a

Theorem 8.11. It holds that

|GU(’I?,, Q)‘ = qn(n—l)/2 H(qk - (_1)k)7
k=1
SU(n, q)| = ¢"" D2 [ (= (D)),
k=2
n(n—1)/2 n
q k k
PSU(n, = —— —(—1)").
PSUG0) = e 116~ (1"
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Proof. A € GU(n, q) holds if and only if the rows of A form an orthonormal basis of V' with respect to
[.,.]. For the first row a; of A, there are exactly w,, possibilities according to The second
row ag lies in U := af. Because of V' = (a1) @ U, U is a unitary space of dimension n — 1. Therefore,
there are w,_1 possibilities for as etc. This shows

n

GU(n, q)| = w1 ...wn = [ "M (¢" = (=1)F) = " D2 T (¢ = (-1)M).
k=1 k=1

For A € GU(n,q), det(A)4T! = det(A)det(A) = det(A'A) = 1 holds. Because of diag(¢9~%,1,...,1) €
GU(n,q), det: GU(n,q) — (¢97!) is surjective with kernel SU(n,q). From this, the formula for
|ISU(n, q)| follows. According to

Z(SU(n,q)) = SU(n,q) N K*1, = SU(n,q) N (¢ ).

For ¢*(4=11,, € Z(SU(n, q)) with 0 < a < ¢, ¢*9~D" = 1 holds. Thus a = 0 (mod (g+1)/ ged(n, g+1))
and |Z(SU(n, q))| = ged(n, ¢ + 1). From this, the formula for [PSU(n, ¢)| follows. O

Lemma 8.12. [t holds that SU(2,q) = SL(2,q) and PSU(2,q) = PSL(2,q).

Proof. We first construct a basis {v,v} C Vg of V = K? with [u,v] = —[v,u]. For this, let p € K \ {1}
with p9+! = i = —1. For 24 q we set u := (1, ), v := (u,1) and for 2 | ¢ let u := (1,1), v := (1, ).
In both cases u and v are linearly independent with [u,u] = [v,v] = 0. By [Remark 8.3| it follows that
[u,v] # 0. After normalization of v one obtains [u,v] = 1. For 2 | ¢ it is then [u,v] = [v,u] = [v,u] =
—[v,u]. For 24 q there exists 7 € K with 797! = —1, d.h. 7 = —7. By replacing u with Tu, we obtain
[u,v] = —[v,u] as desired.

Let A € SU(2,q) and Au = au + cv, Av = bu + dv with a,b,¢,d € K. Then

ac — ac = [Au, Au] =0= [Av, Av] = bd — bd,
[u, V] [u, v]

ad — cb = M =1=da — bc,
[u, v]

ad —bc =det A = 1.
It follows that

¢+ bce = (1 + be)e = ade = dac = (1 + bc)c = ¢ + bee,
b+ bbc = b(1 + cb) = bad = adb = (1 + bc)b = b + bbe

and b,c € F,. In the case b # 0 it follows that d = d € F,. Otherwise a # 0 and ad = 1 = ad. Again
d € F, holds. Analogously one obtains a € F,. The basis transformation {(1,0), (0,1) — {u,v} thus

yields a monomorphism ¢: SU(2,q) — SL(2,q). By [Theorem 8.11| we have [SU(2,q)| = q(¢> — 1) =

|SL(2, ¢)|. Thus ¢ is an isomorphism. O

Example 8.13. Obviously GU(1,¢q) = Cy41 and SU(1,¢q) = 1. By |[Lemma 8.12{ we have PSU(2,2) =
SU(2,2) = SL(2,2) = S3 and PSU(2,3) = PSL(2, 3) = A4. By [Theorem 8.11| we have

ISU®3,2)| =2322 - 1)(22 +1) =827

and |PSU(3,2)| = 72. In particular, PSU(3,2) is solvable. More precisely, PSU(3,2) & My = C2 x Qs
(Exercise 34). The following GAP code shows PSU(4,2) = PSp(4, 3):
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G:=PSU(4,2);
H:=PSp(4,3);
IsomorphismGroups (G,H) ;

Remark 8.14. As in the proof of [Lemma 8.12] one shows that every unitary space V of dimension
> 2 possesses a hyperbolic pair (u,v), i.e. u,v € Vy and [u,v] = 1 (Definition 7.6)).

Theorem 8.15 (WITT). Let V be a unitary space, U <V and o: U — V an isometry. Then there
ezists a 7 € GU(V') with Ty = 0.

Proof. Induction on dimU. Wlog. let U # 0. Let W < U with dim(U/W) = 1. By induction, there
exists a 7 € GU(V') with 7y = oy By replacing o with T|(;10, we can assume oy = idy . Wlog. let
o #idy. Then R := (¢ —idy)(U) < V is 1-dimensional. For w,v € U, it holds that

[o(u),0(v) —v] = [o(u),o(v)] — [o(u),v] = [u,v] — [o(u),v] = [u - o(u),v]. (8.1)
This shows W C R*L.

Case 1: U ¢ R*.

Let R- = W @Y. For dimension reasons, V =U +R- =U+W +Y =U &Y holds. For u € U
and y € Y, we have [o(u) — u,y] = 0, i.e. [o(u),y] = [u,y]. From this it follows easily that the map
V =V, u+y+— o(u)+y is a unitary extension of o.

Case 2: U C R+.
From (8.1)) it follows that o(U) C R*. Assume o(U) # U. Then W = o(W) = U N o(U). Choose
ue U\ W and v € o(U) \ W. For Uy := (u+ v) it holds that

U+ocU)=UdUy=0cU)d Uy.

Let R* = (U+o(U))®Y and S := Up+Y. Then R+ = U@ S = o(U)@® S holds. In the case o(U) = U,
one can choose an arbitrary complement S of U in R*. In both cases, (8.1)) shows that

Rt — Rt u+s—o(u)+s

for u € U and s € S is an isometry. We can therefore assume U = R+ = ¢(U). Let R = (z) C U. Then
[z,2] = 0 holds. Let v € V' \ R*+. Then T := (x,v) is a unitary space. We can replace v by a suitable

element in 7" such that (z,v) is a hyperbolic pair (Remark 8.14)). Because T+ Calt =Rt =U, we
have

U= {(zx)®T = (o(z)) & o(TH).

It follows that dim({v) 4+ o(T+)) = dim(V) — 1. Choose w € V with (v) + o(T+) = w'. Because
(W) + (o(x)) + o(T+) = (v) + U =V, we have o(z) ¢ w'. From this it follows that w ¢ U, because
U=0(U)=oc(zt) =0o(z)*. Since (¢(x),w) is a unitary space, we can modify w such that (o (), w)
is a hyperbolic pair. Subsequently, o(T+) C (o(z), w)* still holds.

We define the linear map 7: V. — V, u+ A — o(u) + Aw for u € U and A € K. Because

[aj’v] =1= [0($)7w]7 [y,v] =0= [a(y),w], [va] =0= [wvw]
for all y € T+, 7 € GU(V) is an extension of o. O
Lemma 8.16. Let V be a unitary space and v,w € V linearly independent with [v,v] = [w,w] = 1.

Then V = (v,w) @ (v, w)* holds if and only if [v,w][w,v] # 1.

61



Proof. Let A := [v,w]. Let a,b € K with u 1= av + bw € (v, w)*+. Then 0 = [u,v] = a + bE and
0 = [u,w] = aA + b. It follows a = —bA = aAA. This shows u = 0 or A\ = 1. Conversely, if A =1
holds, then v — A\w € (v, w)™ . O

Definition 8.17. Let v € Vj and A € K with A + X\ = 0. The linear map
tav: V=V, x = x4+ Az, v]v
is called a (unitary) transvection.
Remark 8.18. For v,z € V and A\, € K we have
tao(tuo(®)) = taw(x + plo,v]v) =z + plr, vjv + Nz + plz, v]v,v]v = tag o (2).

In particuliir, tx, is invertible with t;,lu =t_) . For p := char K we also have t’;w =tpro = top = idy.
From X\ + A = 0 it follows that

[t (@)t ()] = [z, 9]+ Alz, v][v, y] + Ay, ][z, 0] = [z, 9]

and t) , € GU(V). As in the proof of [Theorem 8.11} det(t) ,)?"* = 1. On the other hand, det(t, ,)P =
det(t} ) = det(idy) = 1. This shows ty, € SU(V). For g € GU(V) we have gt g~ =ty 4) as in

Remark 7.11| For p € K* we have
baguo(@) = 2 + Alz, ol = @ + Ml v = Lo (@)
with A\pgi + Mg = 0.
Lemma 8.19. Let n > 2 and (n,q) # (3,2). Then SU(n, q) is generated by all transvections.

Proof. Let V := K".

Case 1: n = 2.

According to the proof of [Lemma 8.12] there exists a basis {v,w} of V such that SU(V') consists of the
matrices in SL(2, ¢). According to GT-Lemma 10.8, SL(2, q) is generated by the elementary matrices of
the form 15 4+ AE;; with A € F, and ¢ # j. It suffices to show that these matrices correspond to unitary

transvections. Wlog. let (i,5) = (1,2). Let p := [w,v] = —[v,w] € K (see proof of [Lemma 8.12). It

holds that #—1 — _ﬁ—l =—p 9= —p!and )\,u—l +Aumt = )\(,u_l + u~1) = 0. Therefore t := b1
is a transvection with

t(v) = v, t(w) =w + )\u_l[w, vjv = w + Av.
Thus t corresponds to the matrix 1o + AFEqo.

For the induction on n, we additionally need that SU(V') acts transitively on V. For u,v € Vi, there
exists by Witt an a € GU(V) with a(u) = v. Let d := det(a) and ut = (w). We define 8 € GU(V) by
B(u) = u and B(w) = d"tw. Then aB € SU(V) with af(u) = v.

Case 2: n > 3.
Let eq,...,e, be the standard basis of V. Let a € SU(V'). Then v := «a(eq) is a normalized vector.

Step 1: There exists a product 7 of transvections with 7(e;) = v.

If e; and v are linearly dependent, then by the first part of the proof there exists a product 7/ of
transvections in (ej, ea) with 7/(e;) = v. By 7’ can be extended to a product of transvec-
tions on V. We can therefore assume that e; and v are linearly independent.
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Now assume that U := (e, v)" contains a vector u with [u,u] # 0. After normalization, [u,u] = 1. By

Lemma 8.16 there exist products of transvections 7/ € SU({eq, u)) and 7”7 € SU({u,v)) with 7’(e1) = u

and 7"(u) = v. Again, 7" and 7" can be extended to V. Then 7 = 7”7 has the desired property.

We may therefore assume [u,u] = 0 for all u € U. Because e; € U+ \ U, it follows that U C U+. From
n—2=dimU < dimU~+ = 2 it follows that n = 3. By assumption q > 3. If v;7; = [v, e;][es, v] # 1 for
some i € {1,2,3}, then as before one can map e; to e; and e; to v by means of transvections. We can
thus assume v;7; = 1 for i = 1,2, 3. Because 1 = [v,v] = 1+ 1+ 1, ¢ is now even. There exist A\, u € F7
with A2 + 2 = (A + p)? = 1. For u := (0, A\, u) € V3 it holds that

[, v][v,u] = (Nvg + v3) (Avz + pvs) = A + i + A\u(va03 + Tavs) = 1+ Au(v23 + Tav3).

Suppose v9U3 + Tavg = 0. Because 2 | ¢, it follows that v% = U%’Ug% = UQ’LTQ’U% = 032, and vy = ws.
Since we can map v to w := «(e2) by means of transvections, we may also transfer the conditions on
v to w. Thus wy = w3 also holds. But now [v,w] = v;w; # 0 would hold. This contradiction shows
[u, v][v,u] # 1. One can therefore map e; to u and u to v by means of transvections.

Step 2: « is a product of transvections.

For 8 := 7='a € SU(V) it holds that B(e;) = ej. Therefore 3 acts on U := (ea,...,e,) = et. By
induction on n, By is a product of transvections, which can be extended to V. Therefore « is also a
product of transvections. O

Example 8.20. Every transvection in SU(3,2) has order ¢ = 2 according to [Remark 8.18| According
to [Exercise 34} the transvections in SU(3,2) generate a proper subgroup of order 54.

Lemma 8.21. Forn > 2, PSU(n, q) acts faithfully and primitively on € := {(v) v e W\ {0}}

Proof. Let V := K™. Obviously, SU(V) acts on Q via 4(v) = (Av). According to Z(SU(V))
lies in the kernel of the action. Conversely, let A be in the kernel. As in the proof of [Lemma 8.12] one
constructs u,v € V with [u,v] = —[v,u]. Let Au = A\ju and Av = Agv. Because of u+ v € Vj, it holds
that

A+ Aov = A(u+v) € (u+v).

This shows A\ := Ay = A\a. Let U := (u, U)L. Because of V = U@®U™, U is a unitary space. By induction
on n, there exists p € K with Ay = pidy. Let w € VyNU. From u +w € Vp it follows that A =
and A = A1, € Z(SU(V)). Thus PSU(V) acts faithfully on €.

Let v € Vy \ {0} with wlog. viva # 0. As is well known, there exist ¢ + 1 elements A € K with
A+l = A\ = —1. In particular, such a A exists with v; + Avg # 0. Then u := (1,,0,...,0) € Vo
and [v,u] # 0. By scaling v, one achieves [u,v] = —[v,u]. Now U := (u,v) is a unitary space with
SU(U) = SL(2, q) (Lemma 8.12). There exists an A € SU(U) with (Av) = (u). Because of V = U@ U*,
one can extend A to SU(V) by acting trivially on U~L. Let u # A with i = —1. Then w := (1,77) € V
with [u,w] = 1+ Au # 0. Thus there exists a B € SU((u,w)) with (Bu) = (w). Again, B can be
extended to V. This shows that PSU(V') acts transitively on (.

To prove primitivity, let first n = 2 and V' = (u,v) with u,v € Vy and [u,v] = —[v, u|. Every element
in Q\ (v) is generated by a vector w :=u + Av € V with A € K. Then

0 = [w,w] = Av,u] + Au,v] = (A — X)[v,u],

i.e. A\ = X € F,. Thus Q consists exactly of the 1-dimensional subspaces of Fyu + F,v. By means of
the isomorphism SU(V) = SL(2,q), SU(V) even acts 2-transitively on € (GT-Lemma 10.7). Now let
n > 3. Suppose there exists a block A C Q. Let (u), (v) € A be distinct.
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Case 1: [u,v] # 0.

Let also w € Vp with [u,w] # 0. After scaling, we can assume [u,v] = [u,w]. Then there exists an
isometry a: (u,v) — (u,w) with a(u) = v and a(v) = w. According to Witt, a can be extended to
a € GU(V). For d := det(a), it holds that dit! = dd = 1, i.e. d = ¢4~V for some a € Z. We define
U := (u,v) and g € GL(U) with 8(u) = (79%u and S(v) = (*v. Because of

[B(w), B(v)] = ¢4 [u, v] = [u, V]

B € GU(U) with det(8) = (79T = d~1. Because of V. = U @ U*, we can extend 3 as § + id; .
to GU(V). Then af € SU(V) with af(u) € (u) and af(v) € (w). Therefore A contains all (v) with
[u,v] # 0.

Now let (w) € Q with w € ut. Since V is not the union of two proper subspaces, there exists an
zeV\ (ut Uw'). After scaling, let [x,u] = 1. Since the trace is transitive, there exists a A € K with
A+ A= —[z,z] (€ Fy). For 2’ := x + Au, it holds that

[2/, 2] = [z, 2] + (A + N)[u, 2] = 0,

i.e. 2 € V. Because of u € w™, it holds that 2’ ¢ vt Uw". From 2’ ¢ u' it follows that (z) € A.
From w ¢ (z')* it follows that (w) € A. This yields the contradiction A = Q.

Case 2: [u,v] = 0.

Let € ut\ vt with [z,v] = 1. Let A € K with A4\ = —[z, 2]. For 2’ := 2+ v € v\ vt it holds that
[/, 2'] = 0 as in Case 1. Now U := (a/,v) is a unitary space. There exists an a € SU(V') with «(U) = U,
a(v) € (2') and o)y = id)y1. Because of u € U+, it holds that (u) = (a(u)) € ANa(A) = A. This
shows (2') = (a(v)) € A. From Case 1, one obtains the contradiction A = €. O

Remark 8.22. According to [Lemma 8.10, z3 = ¢° — ¢*(¢ — 1) = (¢*> — 1)(¢® + 1) + 1 holds. Therefore

G :=PSU(3,¢q) is a primitive group of degree |Q| = f;(_xl‘ =q¢+ 1.

Lemma 8.23. Forn >3 and (n,q) # (3,2), SU(n,q) is perfect.

Proof. According to it suffices to show that every unitary transvection ¢ := t,, is a
product of commutators. Let v € V' \ ut such that (u,v) is a hyperbolic pair. Then U := (u,v) is a
unitary space and ¢j;;1 = idy 1 because of U+ C ut. According to[Lemma 8.12|, tiy € SU(U) = SL(2,q).

First, let ¢ > 4. According to GT-Lemma 10.9, SL(2, ¢) is perfect. Thus ¢|; is a product of commutators

[z,y] € SU(U). As usual, one can extend = and y to V by acting trivially on U~. Therefore [z,y] is
the restriction of a commutator ¢ € SU(V) with ¢+ = idy. Thus ¢ is a product of commutators.

Now let ¢ = 3. Like U, U+ is also a unitary space. Therefore there exists a w € U+ with [w,w] = 1. Let
W := (u,v,w). As in the first part of the proof, it suffices to show that tw € SU(W) is a product of
commutators. Let u € K with uft = —1. With respect to the basis {u, v, w}, d := diag(u, —u, —pu~2) €
SU(W). It holds that

-1

1 A0 1 A2 0 1 A2 0
tw=(0 1 0f=[0 1 0)Jdl0 1 0| d'=][tys,decSUW).
00 1 0 0 1 0 0 1
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Finally, let ¢ = 2 and n > 4. We choose a hyperbolic pair (u/,v") with u/,v" € U+. Wlog. let V =
U (v, 1/> From A+ X\ = 0 it follows that A = XA € Fy. In the case A = 0, t = idy is a commutator.
So let A =1. Let K* = (¢) and x,y € GL(V) with

z(u') ==, z(v) == v+ %, z(v) = Cu+ 1/,

z(u) =
: y(u/) = C2u+u', y(v) =y 4 CU/, y(vl) — U/

u’
y(u) == u,

Because of ( +(¢?> =1, 2,y € SU(V) and 2? = 1, y?> = 1. For z := [z,y] it holds that

z(u) = u,

(W) = 2y(Cu+u) = Cu+ Cu+u =4,

2(v) = zyz(v + V') = zy(v + Cu’ + Cu + V') = 2(v + ' + Cu+ Cu’ + Cu + V)
=z(ut+v+ ) =utv,

2(v) = xy(Cu+v") =Cu+Cu+v =7

This shows ¢t = z € SU(V)". O
Theorem 8.24. Forn >3 and (n,q) # (3,2), PSU(n, q) is simple.

Proof. Let V= K". We identify the elements in SU(V') with their cosets in G := PSU(V'). According

to [Lemma 8.21) G is a primitive permutation group on Q = {(v) : v € Vy \ {0}}. According to
G is perfect. Let v € Vjy and

Ko:={ANeK:A\+A=0}2F,

be the kernel of the trace. According to [Remark 8.18, A := {t), : A € Ko} < G is an elementary
abelian p-group, where p := char K. For g € G, there exists a u € K with g(v) = pv. According to

it holds that
gt}\,vg_l = 75)\,9(1}) =ty w = t)\uﬁ,v € A.
This shows A < G(,y. Let w € Vg \ {0} be arbitrary. Since G acts transitively on €2, there exists a

g € G with g(v) € (w). Therefore A% := (gAg~" : g € G) contains all unitary transvections. From
Lemma 8.19|it follows that A® = G. According to Iwasawa’s Lemma from group theory, G is simple. [

Example 8.25. The smallest simple group that we did not know yet is SU(3,3) = PSU(3,3) with
order 33(3%2 —1)(33 4+ 1) = 2°- 33 . 7 = 6048.

Remark 8.26. Wall has shown that a matrix A € GL(n, ¢?) is conjugate to an element from GU(n, q)

if and only if A and A" are similar (i.e., conjugate in GL(n, ¢)). Furthermore, matrices from GU(n, q)
are conjugate in GU(n, q) if and only if they are similar.

Example 8.27.

(i) Let A € GL(n,q) be an upper triangular matrix with ones on the main diagonal. Because of
AT — 1, = (A —1,)9" =0, all eigenvalues of A are equal to 1. According to the Jordan normal
form, the similarity class of A is uniquely determined by rk((A — 1,,)*) for k = 1,...,n. We show
Ker((A —1,)*) = Ker((A™" — 1,)%) for k =1,...,n. For k = 1, it holds that

reKer(A—1,) <= Ar=1 < Az =2 < zcKer(4d™'-1,).

One could now use PSU(4, 2) = PSp(4, 3) and [Lemma 7.14
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Now let the claim be already proven for k. For € Ker((A — 1,)¥*1), it holds inductively

(A= 1)MA - 1L)a =0 — (47} -

LA-1)z=0= (A—1,)(A" = 1,)fz =
— A1) A - 1)fr=0=zeKer((41 -1

0
n)k+1)-

Thus A and A= = 4" possess the same Jordan normal form. According to Wall, A is similar
to a unitary matrix.

(ii) As is well known, the upper triangular matrices with ones on the main diagonal form a p-Sylow
subgroup P of GL(n, q), where p | g. For a p-Sylow subgroup @ of GU(n, ¢), it holds that |Q| = |P)|

according to [Theorem 8.11] Although according to (fif) every element from P is conjugate to an
element from @, P and @ are in general not isomorphic. For (n,q) = (3,2), P = Dg and Q) = Qg

according to [Exercise 34|

Remark 8.28.

(i) Among the so-called classical groups of Lie type, we are only missing the family of orthogo-
nal groups. For this, one considers an n-dimensional [F -vector space V with a non-degenerate
quadratic form p: V — K, i.e. p(Av) = A?p(v) holds for A € Fy, v € V and

B:VxV =K, (u,v) = p(u+v) — p(u) — p(v)

is a (symmetric) non-degenerate bilinear form. If ¢ is odd, then p is uniquely determined by £,
because

1 1 1
p(v) = 5 (4p(0) = p(v) = p(v)) = 5 (P(v +v) = p(v) = p(v)) = 5B(v,v).
In this case, p is not needed and one can work with 8 as usual. In general, the isomorphism type

of the general orthogonal group

GO(n,q,p) := {f € GL(V) : Vv € V : p(f(v)) = p(v) }

depends on p. For the sake of simplicity, we assume that ¢ is odd. Then there are exactly two non-

equivalent bilinear forms /3 (Exercise 35). If n is odd, then the isomorphism type of GO(n,q, p)

does not depend on p or 5. One can then identify 8 with the usual “Euclidean” scalar product
and define
GO(n,q) := GO(n,q,p) = {A € GL(n,q) : A'A=1,}

(for even ¢, GO(2n + 1,q) = Sp(2n, q) holds). If n is even, one defines GO™ (n, ¢) and GO~ (n, q)
according to the choice of 3. In contrast to the previous groups, the derived groups PSO, PSO™
and PSO™ are usually not simple, but possess a simple subgroup PQ) (resp. PQ", PQ™) of index 2
(kernel of the spinor norm). These groups only provide “new” families of simple groups for n > 7,

because
PQ(3,q) = PSL(2, q), PO (4,q) =2 PSL(2,¢)%, PO~ (4,q) 2 PSL(2,¢%),
PQ(5,q) = PSp(4,q), POT(6,¢) = PSL(4, q), PQ™(6,q) = PSU(4,q).

The smallest groups of this type are PQ7(8,2), PQ(8,2) and PQ(7,3) with orders
174,182,400, 197,406, 720 and 4, 585, 351, 680.
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(ii) We construct a family of exceptional groups of Lie type as a subgroup of GO(7,q) for odd gq.
For this, let V' be an Fy-vector space with basis by, ...,b7. On {bg,...,br} one defines a (non-
associative) multiplication * with identity element 1 := by and multiplication table

* | by ba b3 by b5  bg by
by | -1 b3 —ba by —by by —bs
b | =bs —1 b1 b by —bs —bs
bs| ba —bi -1 by —bg by —bs
by | =bs —bs —by -1 by by b3
bs | by —br bg —bi —1 —=bs b
b | by by —bs —ba b3 —1 by
bz | b¢ bs by —bz3 —by —b1 -1

Note that (b1, ba) = {£1,+b1, £bo, £b3} = Qs. By extending * distributively to V, one obtains
the octonions O = (V, 4+, *) (also called CAYLEY algebra, although formally it is not even a ring).
Now

Ga(q) = {f € GL(V) : Vo,w € V: f(vxw) = f(v) * f(w)}

is a simple group. As usual, one shows that 1 is the only identity element in Q. In particular,
f(1) = 1 holds for f € Ga(q). Let U := (by,...,by) < V and i > 1. Let f(b;) = Al + u with
A€ F, and u € U. Then

_1:f(_1):f(bi*bi>:f(bi)*f(bi):)\21+2)\u+u*u.

Because of bjxb; = —b;*b; for 1 <i < j <7, it holds that uxu € F;1. A comparison of coefficients
shows A = 0 or v = 0. In the second case, f would not be injective because of f(b;) = f(A1).
Thus f(b;) =u € U and f(U) = U. Clearly, p(u) = —usu = A +...+ N2 for u = > \;b; defines
a quadratic form on U. The corresponding bilinear form (u,v) — 3 (p(u+v) — p(u) — p(v)) is the
standard scalar product with respect to b1, ..., b7, and therefore non-degenerate. Because of

p(f(w) = =f(u) * f(u) = f(-uxu) = f(p(u)) = p(u)

it now holds that fj;; € GO(U). In this way, one can view Ga(g) as a subgroup of GO(7,¢). The
smallest group of this type is G2(3) of order 4,245,696. For even ¢, G2(q) can be constructed
differently, where G2(2)" = SU(3, 3) has index 2 in Go(2).

9 Sporadic Groups

Remark 9.1. According to the classification of finite simple groups (CFSG), besides C,, A, and the
groups of Lie type, there are 26 sporadic groups that do not belong to any of the families. In this chapter,
we construct five sporadic groups, which are simultaneously interesting multiply transitive groups. We
first choose a path as direct as possible using a “tailor-made” lemma by Witt. Subsequently, we describe
a combinatorial approach with which other sporadic groups can also be constructed.

Definition 9.2. A k-transitive action G — Sym(€2) is called sharply k-transitive if for two k-tuples
(a1,...,0p) and (f,...,Br) with pairwise distinct elements, there exists exactly one g € G with
gai:& fOr’i:1,...,k.
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Remark 9.3. Every sharply k-transitive action is faithful. The sharply 1-transitive actions are exactly
the regular actions. Let G — Sym(2) be transitive, w € Q and k£ > 2. As in GT-Lemma 6.33, one
shows that G acts sharply k-transitively on € if and only if G, acts sharply (k — 1)-transitively on
2\ {w}. By induction, one obtains that a k-transitive action of degree n is sharply k-transitive if and
only if |G| =n(n—1)...(n —k + 1) holds (cf. GT-Lemma 6.34).

Example 9.4.

(i) The natural action of S,, on {1,...,n} is sharply n-transitive and sharply (n — 1)-transitive if
n > 2.

(ii) The natural action of A,, is sharply (n — 2)-transitive if n > 2 (see GT-Example 6.32).

(iii) Let n € N, p be a prime number and S < GL(n,p) be a Singer cycle (GT-Example 6.23). Then
Fp xS < AGL(n,p) is a sharply 2-transitive permutation group on Fy.

(iv) According to GT-Exercise 49, SL(2,2") acts 3-transitively on the set € of all 1-dimensional
subspaces of F2,. Because of |Q| = 2" + 1 and [SL(2,27)| = (22" — 1)2" = (2" 4+ 1)2"(2" — 1),
this action is sharply 3-transitive.

Lemma 9.5. Let o, € Q, H < G < Sym(Q) and a,z € G with the following properties:

e a7 B, “aFaawd”f#p,
e z € H and G = (H,a),

e aHga = Hg,

H acts k-transitively on Q \ {a} with k > 2,

a’? = 2% = (ax)® = 1.

Then G acts (k + 1)-transitively on Q and Go = H.

Proof. Because H C G, G, is k-transitive on Q\ {a}. Because *a # «, G is clearly also transitive on
Q. From GT-Lemma 6.33 it follows that G operates (k 4 1)-transitively. It remains to show: G, C H.

For K := HU HaH, we have K1 := {g7!: g € K} = K because a~! = a. Let z € H \ Hg. Because
k > 2, Hg operates transitively on Q\ {«, 3}. Thus there exists an h € Hg with "*8 = 3. It follows
that 7 'hz € Hg and z € HgxHg. This shows H = Hg U HgzHg. The relations a? = 2? = (ax)® =1
imply axa = razx. By assumption we obtain

aHa = aHgaUaHgrHga = Hg U HgaxaHg
= HgU HgraxHg C HU HaH = K.

For g,¢g' € HaH, we thus have g¢’ € HaHaH C HKH C K. This shows K < G. Because a € K,
we even have G = (H,a) = K. For every g € G\ H C HaH, we thus have 9o # «. This shows the
claim. a

Lemma 9.6 (WiTT). Let H be a 2-transitive permutation group on A := {4,...,n} > w and let
x € H\ H, be an involution. Let a,b,c € Ng, (H,) be involutions with

a=(1w)2)3)..., b=(1,2)3)(w)..., c=(2,3)1)(w)...
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and
(az)3 = (ba)® = (cb)3 =1, (zb)? = (x¢)? = (ac)® = 1.

Then G := (H,a,b,c) is 5-transitive on {1,...,n} and GiNG2 NGz = H

Proof. According to with (o, 8) = (1,w), K = (H,a) is 3-transitive on A U {1} and
K1 = H. According to GT-Theorem 6.35, H operates primitively on A. In particular, H, < H
is maximal and H = (H,,z). From 22 = (zb)?> = b*> = 1 it follows that xb = bz. In particular,
bKib = bHb = (bH,b,z) = (H,,z) = H = Ki. Another application of [Lemma 9.5 with (b,a,2,1)
instead of (a,x, «, 3) shows that L := (K, b) operates 4-transitively on A U {1,2} with Ly = K. From
the relations it follows again that ac = ca and xc = cx. Thus

cloc = cKe = (cHc,a) = (cHyc,x,a) = (Hy,z,a) = K = Lo.

A third application of with (c,b,3,2) instead of (a,z,«, ) finally yields that G = (L, ¢)
operates 5-transitively on {1,...,n} with G3 = L. Thus also G1NGaNG3 =G NLy =G NK =
Ki=H. O

Theorem 9.7 (MATHIEU). Let

= (1,4)(7,8)(9,11)(10, 12), b= (1,2)(7,10)(8,11)(9, 12),
= (2,3)(7,12)(8,10)(9, 11), d = (4,5,6)(7,8,9)(10,11,12),
= (4,7,10)(5,8,11)(6,9, 12), f=(5,7,6,10)(8,9,12,11),
:(5,8, 12)(7,11, 10,9).

Then Mg := (a,b,c,d,e, f,g) < Sia is sharply 5-transitive of degree 12 and My = (a,b,d, e, f,g) is
sharply 4-transitive of degree 11.

Proof. Since d permutes the three cycles of e, E := (d, e) is elementary abelian of order 9. Furthermore,
E acts regularly on A := {4,...,12}. Obviously f? = ¢? is an involution and fgf~! = g~!. For
Q := (f,g) it thus holds that (g) <@ and |Q : (g)| = 2. Thus |@Q| = 8 (Q is a quaternion group). A
calculation shows

fdf ' =e, gdg! = (4,8,12)(11,6,7)(9,10,5) = de,
fef~t=d7 1, geg' = (4,11,9)(8,6,10)(12,7,5) = de™*.

Thus @ C Ng,,(E) and H := EQ < Sya. For order reasons ENQ = 1 and therefore |H| = |E||Q] = 9-8.
Since E acts regularly on A, Hy = E4Q = Q. It is easy to see that @ acts transitively on A\ {4}. Thus
H is 2-transitive on A according to GT-Lemma 6.33. Because of |[H| =9 -8 and || = 9, the action is
even sharply 2-transitive. We now want to apply Witt’s Lemma with w = 4 and

z:=df?d~! = d(5,6)(7,10)(8,12)(9,11)d~* = (4,6)(7,12)(8,11)(9,10) € H \ Hy.

For this, we must first show a,b,c € Ng,,(H4) = Ng,,(Q):

afa”! =g, aga™! = a*fa”? = f,
byl = 1 bgb™" = (5,11,6,9)(7,12,10,8) = gf,
cfel =g cget =cf et =
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The relations from [Lemma 9.6] are verified as follows:

ax = (1,4,6)(7,10,11)(8,9, 12), ba = (1,4,2)(7,11,12)(8, 10,9),
b = (1,3,2)(7,8,9)(10, 12, 11), zb = (1,2)(4,6)(7,9)(10,12),
ze = (2,3)(4,6)(8,9)(10,11), ac = (1,4)(2,3)(7,10)(8, 12).

Thus G := (H,a,b,c) = My is 5-transitive on 2 = {1,...,12} and G1 N G2 N G3 = H. Since H acts
sharply 2-transitive on 2, G1 N Ga NG NGy N G5 = Hy N Hs = 1. This shows that G is even sharply

5-transitive. In the proof of [Lemma 9.6} it resulted that G3 = Mj;. According to My is
thus sharply 4-transitive of degree 11. O

Remark 9.8. In group theory, we have shown that the simple group H = PSL(3,4) of order

(43 — 1)(43 — 4)(43 — 4?)

=926.32.5.7=120.160
(4—1)ged(3,4—1)

|H| =

acts 2-transitively on the set A of the 21 1-dimensional subspaces of F3 (proof of GT-Lemma 10.7). To
distinguish vectors from permutations, we write the elements of F3 in the form [r, s, t] with , s,¢ € Fy.
Furthermore, let F} = (¢) and [[r, s,t]] = F4[r, s, t] € A.

Lemma 9.9. With the notation from the following maps are involutions in Sym(A):
s, 8] = [[r* + st, %, %)), Ollry s, 8] = [Ir?, 8%, ], Iy s, 8] = [Ir%, 5%, ¢]]

forr, s, t € Fy.

Proof. Since the values of «, 3, and v are homogeneous polynomials of degree 2 in r, s, t, the images
of [[r,s,t]] = F4r, s, t] do not depend on the choice of the representative [r,s,t] (i.e., a, 3, v are well-
defined). As is well known, Fy — Fy, z + 22 is the Frobenius automorphism (of order 2). Therefore,

2

s, t]] = “[r? + st, s%, %] = [[r + s*% + $*2, s, 1] = [[r, s, 1],
Pl s 4] =P[5, £2¢]) = [[r, 5, 46%¢)) = [[r, s, 1],
iy s,2]) = (I, s, 4]
Consequently, «;, 3, v are invertible and have order 2. O

Theorem 9.10 (MATHIEU). Let PSL(3,4) 2 H < Sym(A) as in and Q = AU{1,2,3}.
With the notation from[Lemma 9.9, let a := (1,[[1,0,0]))e, b:= (1,2)8 and c := (2,3)7. Then:

(i) Mo = (H,a) is 3-transitive on A U {1}.
(ii) Mas = (H,a,b) is 4-transitive on Q \ {3}.
(117) May := (H,a,b,c) is 5-transitive on Q.

Proof. We use Witt’s Lemma with w = [[1,0,0]] € A and

1
0 Fy € PSL(3,4).
0

8

I
O = O
= o O
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According to a,b, ¢,z are involutions. Clearly *w = “%w = w. Let F be the Frobenius auto-
morphism on H (resp. SL(3,4)). For h € H and [[r, 5, t]] € A it holds that “*¢[[r, s, t]] = ¢[h[r?, s%,1?]] =
[F'(h)[r,s,t]]. This shows cHc™! = H and ¢ € Noy(H,,). Let y := diag(1,1,¢) € GL(3,4). Then it holds
that

00((r, 5,1]] = U[Rlr, 5%, 23] = [yF(h)y~ " 5,]].

Because of yF(h)y~' € H, we also have b € §a4(H,,). Furthermore, *%w = "1 = %1 = w. An element
h € H, has the form "[[r,s,t]] = [[r + 05 + Tt, p15 + pat, p3s + pat]] with p1pg + p2p3 = det(h) = 1. A
calculation shows
ellr, s, 1] = Pr? 4 st, 87, 7)) = U1 + st + 05 + 77, p15” + pat”, 5% + pat?]]
= [[r+ 8** + o%s + T2t + (p15” + pat®) (p3s® + pat®), pis + pat, p3s + pit]]
[+ (0% + prps)s + (7 + p2pa)t, pis + pat, pis + pit]].

Thus aha corresponds to the matrix

1 o?+pips T2+ paps
0 A p5 € Ho,
0 3 Pi

since det(aha) = p3p3 + p3p3 = det(h)? = 1. Again it follows that ¢ € Ng,, (H,).
Clearly zb = bz, xc = cx and ac = ca hold. This shows (2b)? = (xc)? = (ac)? = 1. It remains to show:
(aw)?’ = (ba)3 = (cb)3 = 1. This results from the following calculations:

Cbc[[T7 S, t]] = CHT’ S, td] = [[72, 527 t2<2]] = b[[ra S, tc2]] = beHTa S, t]]’

__ 2
bab[[T7 S, t]] = b[[r + 32t2c’ S, tCQ] = HTQ + StCQ, 527 t2C2H 1+C:_C a[[r + 82t27 S, tCH = aba[[r’ S, t]],
ara] =910, 1,0]] = [[0,1,0]] = ***1,

“*[[1,0,0]} = [[1,0,0]] = ***[[1,0,0]],

“][0,1,0]) = 1 ="**[[1,0,0]],

@, s, t]] a[[SQ, r? + st, tQ]] =[[s+ 2t + st3,r + $242, t]]
{[[72, s+ rt, 2] if t £ 0,

([s,7,0]) if t =0 # rs} ="[[s* + rt,r?, ] = "*[[r, s, t]].

Witt’s Lemma now shows that My acts 5-transitively on 2. From the proof of Witt’s Lemma one
obtains (Mag)s = Mag and Moo = (Mag)2. Thus the remaining statements follow. O

Definition 9.11. One calls M1, M2, Moo, Moz and Maoy the Mathieu groups of degree 11, 12, 22, 23
and 24 respectively. From it follows that

|Myi| =11-10-9-8 =7.920 = 2* - 3% .5 11,

|Mig| =12-11-10-9-8 = 95.040 = 26 .33 . 5. 11,

| Mas| = 22|PSL(3,4)| = 443.520 = 27 - 3% .5 .7 11,

| Mosz| = 23| Mas| = 10.200.960 = 27 -32.5.7-11-23,

| Moy| = 24| Mos| = 244.823.040 = 20 .33 .5.7.11-23.

Lemma 9.12. Let G < Sym(Q) be 3-transitive of degree d = |Q| > 5. If G, is simple for an w € Q,
then G is simple or d is a power of 2.
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Proof. The proof works as for the simplicity of the alternating groups. Let 1 # N < G. According
to GT-Theorem 6.20, N acts transitively. The Frattini argument yields G = G,N. We can assume
Gy SZ N by contradiction. From the simplicity of G, it follows that N, = G, NN = 1. Thus N is a
regular normal subgroup and |N| = d > 5. According to GT-Lemma 6.19, G, acts 2-transitively on
N\ {1} by conjugation. From GT-Theorem 6.36 it follows that d = |N| = 2* for a k € N. O

Example 9.13. Let d = 2" > 8 and Q := 3. According to linear algebra, the simple group GL(n, 2)
acts 2-transitively on 2\ {0}. Therefore, the non-simple group AGL(n,2) = F§ x GL(n,2) acts 3-
transitively on 2 with stabilizer Gy = GL(n,2) (GT-Example 6.23).

Theorem 9.14. The Mathieu groups Mi1, Mio, Moo, Moz and Msy are simple.

Proof (CHAPMAN). Let first G = Mj; and P € Syl;;(G). In S;; there are 10! elements of order 11,
which are distributed over 9! Sylow groups. Thus |[Ng,,(P)| = 11 - 10 and |Ng(P) : P| divides 10.
According to Sylow,
G
5=10-9-8 = ’11| = |G : Ng(P)||[Ng(P) : P| = |Ng(P) : P| (mod 11)

and thus [Ng(P) : P| =5 and |G : Ng(P)| = 16-9. Now let 1 # N < G. Then N is transitive and
all 11-Sylow groups of G lie in N. In particular, |N : Ny(P)| = 16 - 9. This shows |G : N| < 5. Let
us assume |G : N| = 5. Then N possesses exactly 16 - 9 - 10 elements of order 11. The remaining
|N|/11 elements must then form the stabilizer N;. In particular, Ny = ... = Njj. Then N cannot act
faithfully. Thus G = N and G is simple.

The simplicity of Mo now follows from [Lemma 9.12} since My, is a stabilizer of Mjs. Since PSL(3,4)
is simple, one can also show the simplicity of Maso, Mos and May using O

Remark 9.15.

(i) Occasionally, the Mathieu groups Mg, Mg, My and My = PSL(3,4) are defined as suitable
stabilizers of the larger Mathieu groups. However, they are not sporadic simple groups. In the

proof of [Theorem 9.7, we constructed Mg == C’g X Qg as a sharply 2-transitive group of degree 9.
In particular, My is a Frobenius group.

(ii) One can show (elementarily) that Sk, Sk+1, Agt2, M11 and Mo are the only sharply k-transitive
permutation groups with k > 4@ With the CFSG, it was possible to show that S,, A,, M1,
Mo, Mss and Moy are the only 4-transitive permutation groups.

(iii) One can also generate the Mathieu groups with only two permutations each, but then it is
difficult to determine the structure (let alone the order). In fact, Mathieu’s work from 1861 met
with incomprehension for a long time. For instance, MILLER claimed in 1898 that My, did not
exist. According to the CFSG, it is known that every finite simple group can be generated by an
involution and another element of prime order.

(iv) The following definition can be motivated as follows: How many lottery tickets must one buy
if one wants to be guaranteed four “correct” numbers? In the best case, every combination of 4

occurs on only one ticket (whether this is possible, we will see in [Example 9.19)).

15See [notes on permutation groups.
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Definition 9.16. A ((¢, k,v)-)Steiner system is a pair S = (2, B) with the following properties:
e () is a v-element set of “points” (vertices).
e BB is a set of k-element subsets of €, which are called “blocks”m
e Every t-element subset of (2 lies in exactly one block of B.

One calls
Aut(S) :={o € Sym(N) : VB € B: o(B) € B} < Sym(Q)

the automorphism group of S.

Example 9.17.

(i) (t,k,v)-Steiner systems can obviously only exist for t < k < v. In the case t = k, B is the set of all
k-element subsets of 2 and Aut(S) = Sym(€2). In the case k = v, B = {Q} and Aut(S) = Sym(Q).
These Steiner systems are called trivial. We can therefore assume ¢t < k < v.

(ii) In the case t = 1, B is a partition of £ and it follows that & | v. The number of these Steiner

systems is the Stirling numberm of the second kind {Z} We see in [Lemma 9.18|that there are in

general strong restrictions on t, k, v.

(iii) Let ¢ be a prime power, n > 2, Q = Fy and
B={Fv+w:v,weQv#0}

the set of “lines” on Q (mentally replace F, with R). Since any two distinct points lie on exactly
one line, S = (Q,B) is a (2, ¢, ¢")-Steiner system. S is called an affine plane over FZLH

(iv) Let n >3, Q = {Fyv : v € Fy \ {0}} be the set of 1-dimensional subspaces of F and B the set of
2-dimensional subspaces of Fy (formally: each block consists of the 1-dimensional subspaces of a
2-dimensional space). Since any two linearly independent vectors span a 2-dimensional subspace,
S=(Q,B)isa (2,qg+1, q;:f)—Steiner system. S is called a projective plane over Fy. For (g,n) =
(2,3) one obtains the Fano plane:

For (¢,n) = (2,4) one obtains a solution to KIRKMAN’s schoolgirl problem: 15 girls are to walk in
groups of three on seven consecutive days, such that any two girls are in the same group of three
only once.

Lemma 9.18. Let S = (2, B) be a (t, k,v)-Steiner system and 0 < s < t. Then:

(1) The number of blocks containing a given s-element subset of 0 is

(v—=8)(v—s—1)...(v—t+1)
(k—s)(k—s—=1)...(k—t+1)

Vs =

'6This has nothing to do with the blocks of an imprimitive action.
17See notes for [discrete mathematics!
18See notes for synthetic geometryl
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() 1B =20 = -
(i1i) (FISHER’s inequality) v < |B| and k < .

Proof.

(i) Every s-element subset lies in exactly (g:j) t-element subsets of 2. Every t-element subset lies by
k—s

t—s) s-element subsets. This shows

definition in exactly one block. Every block contains exactly (

_(Z:j) (v=8)(v—s—1)...(v—t+1)
PTES) T sk s D). k-t 1)

(ii) Follows from ().

(ili) Let Q = {w1,...,wy} and B ={By,..., B, }. Let M := (m;j) € Z**" be the incidence matrix of
S, ie., miy; = 1if w; € Bj and m;; = 0 otherwise. Then

Yo Y2 o 2
r <. <. .
MM' = (Z milmjl> = 7.2 _ _ = (=)l + e,
—1 1) : .. .. Yo
Y2 o 2 N

where J = (1) € ZY*? is the matrix consisting only of ones. According to , v = %yg > ¥o.
The eigenvalues of J are known to be 0 with multiplicity v—1 and v with multiplicity 1. Therefore,
71 — 2 > 0 and y1 — 72 + Y2v are the eigenvalues of M M?. In particular, M M? is invertible. This

shows
v =rk(MM") <rk(M) < min{r,v}
and it follows that v < r = |B|. From ({i) we obtain k = 1 < 1. O

Example 9.19. For the optimal solution of the lottery problem from [Remark 9.15, a (4, 6, 49)-Steiner
system is required. Because of v3 = % ¢ N, this does not exist. In any case, at least

| 49-48-47-46

- 14,12
"o 6.5.4.3 = h1®

lottery tickets are required.lﬂ

Remark 9.20.

(i) For the (alternative) construction of the Mathieu groups, one starts with the affine plane S over
F2 as a (2, 3,9)-Steiner system. Now one extends S by adding three points to a (5, 6, 12)-Steiner
system S (the details are extremely elaborat. Subsequently, one defines Mo := Aut(S’). The
larger Mathieu groups can also be obtained in this way. In general, MENDELSOHN proved that
every finite group is the automorphism group of a (2, 3, v)-Steiner system and a (3,4, v)-Steiner

system.

19Tt can be shown that at least 14,749 lottery tickets are necessary. Whether this is actually sufficient, however, is open.
See https://1jcr.dmgordon.org/show_cover.php?v=49&k=6&t=4.

20See [Dixon-Mortimer, Permutation Groups, Springer, New York, 1996]. In the errata it is mentioned that the proof of
Theorem 6.3B is incomplete.
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(i)

(iii)

(iv)

For Maa, one uses a (3,6,22)-Steiner system S = (Q,8) (it holds that Aut(S) = May x Cs).

According to
22.21-20

651 7.

Let I' be a graph with vertex set 'y :== QU BU{(}, so |[I'g| =22+ 77+ 1 = 100. Let the vertex
¢ be adjacent to all w € Q. Two blocks are adjacent in I" if and only if they are disjoint. All other
edges have the form (w,B) € Q x B with w € B. According to I' is a 22-regular
graph. It is called the Higman-Sims graph. It holds that Aut(I') = HS x Cs, where HS is the
sporadic simple Higman-Sims group of order 44,352, 000.

|1B| =

The Mathieu groups can also be constructed using methods from coding theory. The (extended
binary) Golay code is the 12-dimensional subspace C' < F3* spanned by the rows of the matrix

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 . 1 . 1 1 1 1 1 1
T .. 1 . 1 1 1 1 1 1
1 . 1 . 1 1 1 1 1 1

1 .1 . 1 1 1 1 1 1

T . 1 . 1 1 1 1 1 1

T .1 . 1 1 1 1 1 1

T . 1 . 1 1 1 1 1 1

T . 1 . 1 1 1 1 1 1

1 . 1 . 1 1 1 11 . 1

1 . 1 . 1 1 1 1 1 1

One can show that
Aut(C) = {0 € S24 : ¥(c;) € C: (co(i)) € C}

is isomorphic to May. The vectors (codewords) with exactly eight ones in C' correspond to the
blocks of a (5,8, 24)-Steiner system (the positions of the ones are the blocks). The Golay code
was used for data transmission of the Voyager space probes.

The automorphism groups and Schur multipliers are

G | My My My My My
ow@ | 1 G € 1 1
M@ |1 O G 11

(without proof). For all sporadic simple groups S, |Out(S)| < 2 holds. For the correct calculation
of M (Maz), three attempts were needed. “Worse” is only M (Ms;) = M(PSL(3,4)) = C12 x Cy.
In GAP, one can for example do the following:

G:=MathieuGroup(24);;

A11PrimitiveGroups (NrMovedPoints,24,Transitivity,5); #gives only one
PrimitiveIdentification(G); #G=PrimitiveGroup(24,1)

IsSimple(G);

H:=Stabilizer(G,24); #= Mo3

LoadPackage("guava",false); #package for codes
C:=ExtendedBinaryGolayCode () ;

Display(GeneratorMat(C)) ;

A:=AutomorphismGroup(C) ;

Transitivity(A); #5-transitive

c:=Positions(Basis(C) [1],Z(2)~0); #codeword with exactly eight ones
B:=0rbit(A,c,0OnSets);; #blocks of the (5,8,24)-Steiner system
Size(B); #759 =(24-23-22-21-20)/(8-7-6-5-4)
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(v)

(vi)

(vii)

The group Mas is the only sporadic group for which the inverse Galois problem has not yet been
solved, i.e., it is not known whether there exists a number field K C C with Gal(K|Q) = Mas.

Closely related to the Golay code is the Leech lattice L < 7Z?*, which consists of the integer linear
combinations of the rows of the following matrix:

8 .. ... . . ) o . .
4 4 . L . . . o . .
4 .4 . . . o . .
4 o4 . . ) o . .
4 o4 . . : o . .
4 .4 . . ) o . .
4 .4 . . ) o . .
2 2 2 2 2 2 2 2 . . . o . .
4 . .. 4 . : o . .
4 A ) o . .
4 S 4 . o . .
2 2 2 2 .. 02 2 2 2 . o . .
4 o 4 o . .
2 2 2 2 . . 2 2 2 2 .. ... . .
2 . 2 2 2 . 2 . 2 2 2 . . .
2 . . 2 2 202 .. 2 02 2 . .
4 .. ) o . N . .
2 .2 2 .2 02 2 . : . 2 2 . . .
2 . . 02 2 2 . . 2 . 2 : . 2 . 2 ) .
2 2 . 2 2 2 .2 . . 2 .2 . .
.02 2 2 2 : 2 .. 2 . 2 . 2 .
o 2 2 . 2 2 . 2 2 . 2 2 .
. 2 . 2 . 2 2 2 2 2 2

-3 11111111 1111 1 11 1 1 1 1 1 1 1 1

Let A := Aut(L) := {f € O(R**) : f(L) = L}, where O(R") is the orthogonal group (matrices x
with zz' = 1,,). According to A is finite. It holds that Z(A) = (—124) and one calls
Coy := A/Z(A) the first Conway group (A is a Schur extension of Co1). The following vectors lie
in L:
u = (4,4,0,...,0),
v:=(4,-4,0,...,0),
w:=(51,...,1).
One calls Cog := C4(u) and Coz := Cy4(w) the second and third Conway group, respectively.
Furthermore, McL := Cx(u,w) is the McLaughlin group and C4(v,w) = HS. All are sporadic
simple groups with orders
|Coy| =221 -3%.5% .72 .11 - 13- 23 = 4,157,776, 806, 543, 360, 000,
|Cog| =218 .3%.53.7.11-23 = 42,305, 421, 312, 000,
|Coz| =210-37.5%.7.11-23 = 495, 766, 656, 000,
|MecL| =27 -3%.5%.7-11 = 898,128, 000.

Only over 100 years after Mathieu’s work did JANKO discover the next sporadic simple group J;.
It can be defined most simply by an Fy;-representation:
S -3 2 -1 -1 -3 -1 -3
. -2 1 1 3 1 3 3
A -1 -1 -3 -1 -3 -3 2
Jp = < e O I I - T - B S I | > < GL(7,11).

S -3 -1 -3 -3 2 -1 -1
S | 1 3 3 —2 1 1 3
. 3 3 —2 1 1 3 1

It holds that |J;| =23-3-5-7-11-19 = 175, 560.
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(viii)

10

The second Janko group Jo (also called Hall-Janko group HJ) of order 604,800 is constructed
similarly to HS as a permutation group of degree 100 = 63+36+1. Let C' be the set of involutions
and U the set of subgroups of order 168 of G = SU(3,3) (both are conjugacy classes). It holds
that |C| = 63 and [U| = |G : U| = 36 as well as U = GL(3,2) for U € U. Let T be a graph with
vertex set I'g := C' UU U {7}, where v is adjacent to every U € U. Two involutions =,y € C are
adjacent if and only if |(zy)| = 4 (i.e., (z,y) = Dg). Two subgroups U;,Us € U are adjacent if
and only if |U; NUsz| = 24. Finally, (z,U) € C x U form an edge if and only if z € U holds. Now
Aut(T) = Jy x Cy (see [Exercise 27)). We have thus “constructed” all simple groups of order < 107
(see GT appendix). The sporadic groups J3 and J4 are also named after Janko, where Jy is the
last constructed simple group ever (construction 1977 by NORTON).

Presentations, permutation and matrix representations of all sporadic groups can be looked up
at https://brauver.maths.qmul.ac.uk/Atlas/v3/| or obtained directly with GAP:

LoadPackage ("atlasrep");

DisplayAtlasInfo("M24"); #overview of representations, needs internet
AtlasGroup("M24",Dimension,11,Ring,GF(2));
prog:=AtlasProgram("M24","presentation");;
slp:=StraightLineProgramFromStraightLineDecision(prog.program);;
F:=FreeGroup(2);;
rels:=ResultOfStraightLineProgram(slp,Generators0fGroup(F));;
G:=F/rels;;

PresentationFpGroup(G) ;

ct:=CharacterTable("M"); #character table of the Monster
PrintFactorsInt(Size(ct)); #prime factorization of the order
NrConjugacyClasses(ct);

SizesConjugacyClasses(ct);

OrdersClassRepresentatives(ct); #orders of elements up to conjugacy

Only in 2014 could KEEVASH show that there exist non-trivial (¢, k, v)-Steiner systems with ¢ > 6.
In fact, the divisibility conditions from are in “most” cases sufficient for the existence
of a corresponding Steiner system. The proof is probabilistic and non—constructive@ The number
of (2,3, v)-Steiner systems for v < 19 can be looked up at (OEIS.

Coxeter groups

Remark 10.1. The groups that can be generated by two involutions are known to be exactly the
dihedral groups. In this section, we investigate groups that can be generated by finitely many involu-
tions. These appear as symmetry groups of higher-dimensional spaces and lead to the classification of
(finite) reflection groups.

Definition 10.2. A group of the form

G=(x1,....0, | (xiz;)™ =1,1<i<j<n)

with 2 <m;; < oo fori < jand my =1fori=1,...,nis called a Coxeter group of rank n.

21For this, a popular science article: wired.com
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https://brauer.maths.qmul.ac.uk/Atlas/v3/
https://oeis.org/A030129
https://www.wired.com/2015/06/answer-150-year-old-math-conundrum-brings-mystery/

Remark 10.3.

(i) In the following, let G = (x1,...,x,) always be a Coxeter group (we identify the generators
x1,..., 2, of the free group with corresponding cosets in ). The relations of the form (z;2;)> =1
have no meaning and can be ignored. From m;; = 1 it follows that ;17% =1fort=1,...,n. Because
of (zjx;)™ = (wjx;)™™9 = 1, we define mj; := my; for i < j. According to von-Dyck, there
exists a homomorphism f: G — {£1} with f(x;) = —1 for ¢ = 1,...,n. Thus z1,...,z, are
involutions in G. The equation m;; = 2 states that x; and x; commute.

(ii) The relation (z;x;)™¥ = 1 is equivalent to z;z;x;... = xjz;x; ..., where there are exactly m;;
factors on both sides. Let (x;x;)n := @iz x;... be an alternating product of n factors. If one
omits the condition m;; = 2 in the definition of Coxeter groups, one obtains Artin groups:

(X1,...,2p | (mi:zj)mij = (xja:i)mij, 1<4,5<n)

with 2 < my; < oo. The choice m;; = oo for all 7,5 yields the free group F,,. According to
von-Dyck, every Coxeter group is a factor group of an Artin group. In the special case m;; = 3
for |i — j| = 1 and my; = 2 for |i — j| > 1, one speaks of a braid group. In contrast to Sy

(Theorem 2.18)), m;; = oo holds instead of m;; = 2. One can realize the elements of the braid
group by “braids” with n “strands”. The operation is the “gluing” of the strands at their ends:

2, XX

ﬁ\
T1T2T1 = \\ ~— = jJ = T2X1T2
N

However, we will not go into these groups any further.

Example 10.4.
(i) G = (z,y| 2> =y? = (xy)™ = 1) = Dy, is a Coxeter group.
(i) G = (z1,...,my | 22 = (2;7;)? = 1,i < j) = CF is a Coxeter group.
(iii) According to [Theorem 2.18) the symmetric groups are Coxeter groups with x; = (i,i + 1) for
i=1,...,n—1.
(iv) In the case m;; = oo for all i < j, G is called the universal Coxeter group of rank n. For n = 2,

one obtains D,. Every Coxeter group is a factor group of a universal Coxeter group.

(v) A reflection o € GL(R?) is a map of the form oy,(v) := v — 2[v, b]b for a normalized vector b € R?
(here [v,b] is the standard inner product). A reflection group is a finite subgroup S < GL(R?)
generated by reflections o1, ..., 0,. According to von-Dyck, S is a factor group of a Coxeter group.
We will show in [Theorem 10.41| that S is indeed isomorphic to a Coxeter group (i.e. all further
relations in S follow from the relations (o;0;)™ = 1).

(vi) Let S be a finite, non-abelian simple group. According to Feit-Thompson, S possesses an involu-
tion s. Obviously, S is generated by all conjugates of s. Thus S is isomorphic to a factor group
of a (possibly infinite) Coxeter group.

Definition 10.5. Every g € G can be written in the form g = x;, ... z;,. If k is as small as possible,
then this representation is called reduced (in contrast to free groups, reduced representations are not
necessarily unique). Furthermore, let [(g) := k be the length of g.
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Lemma 10.6. For g,h € G and 1 < i <mn, the following hold:

(1) lgh) <1(g) +1(h).

(i) U(g~") = Ug).
(ii) U(gzi) =U(g) £ 1.
Proof. The first two statements are trivial. They show

1(g) — 1 =1(gxiz:) — U(zm;) < U(gxi) < U(g) +U(z;) =1(g9) + 1.
The homomorphism f: G — {£1} from [Remark 10.3| yields
(1)) = f(gr) = ~f(g) = (1)@

and [(gx;) # 1(g). O

Remark 10.7. The kernel of the homomorphism f: G — {41} is the set of elements of even length.
It is called the alternating subgroup. In S, sgn(g) = (—1)"9) holds for g € S,,.

Definition 10.8. Let V be an R-vector space with basis by, ..., b,.

e We define a symmetric bilinear form on V' by

T
b bile i= [bi bl = —
[bi J]G [bi, J} Cos mij’
where —cos 7= = —1 is set.
e Fori=1,...,nlet
o V=V, v = v — 2[v, bilb;.

Theorem 10.9. There exists exactly one homomorphism o: G — GL(V) with o(z;) = o; for i =
1,...,n. In this case, 0,05 has order my; for 1 < i,j < n. With the notation 9v := o(g)(v), it holds
that [v,w]g = [Iv,%w]q.

Proof. For i = 1,...,n it holds that [b;,b;] = 1. Therefore V; := b} = Ker(v — [v,b;]) < V is
a hyperplane and V' = V; @ Rb;. It holds that o;(b;) = —b; and o;(v) = v for v € V;. Thus o; is a
“reflection” at V; (in contrast to Euclidean space, ., .| is not necessarily positive definite). In particular,
o; has order 2. Now let ¢ < j and W := (b, b;). The definition of o; shows that (o, 0;) acts on W.

First let m;; = co. Then it holds that
(040))"(b:) = (0i03)*(04(bi + 2b5)) = (00)" " (3bs + 2b;) = ... = (2k + 1)b; + 2kb;
for k > 1. In particular, o;0; has infinite order.
Now let m;; < oo and ¢ := 7/m;j. For v = Ab; + ub; € W it holds that
[v,0] = A% — 2 \pcos p + p? = (A — pcos p)? + % sin(p)? > 0.

Thus [.,.]¢ is positive definite on W and therefore coincides with the standard scalar product up to a
choice of basis. Furthermore,
[bi, bj] = — cos p = cos(m — ),
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d.h. the “angle” between b; and b; is ™ — ¢. Therefore (0;0;)y is a “rotation” by 2¢ (since the map is
linear, it suffices to consider the images of the two linearly independent reflection axes):

In particular, (o;0;)w has order m;;. Since [., ] is positive definite on W, it holds that V' = WoWwt =
W & (V;N'V;). Since ;05 acts trivially on V; NV}, 005 also has order m;; on V. By von-Dyck, o is
now a homomorphism. For the last statement we calculate

[0:(v), 03(w)] = [v — 2[v, b;]b;, w — 2[w, b;]b;]
= [v,w] — 2[v, bj][b;, w] — 2[w, b;][v, b;] + 4[v, b;][w, b;] = [v, w]. O

Definition 10.10.

e One calls
O:={9;:1<i<n,geGICV

the root system of G and its elements are called roots.

e A root v can be uniquely written in the form v = Y"" ; v;b;. One calls v positive (resp. negative),
if v,...,v, >0 (resp. v1,...,v, < 0). If applicable, one writes v > 0 (resp. v < 0; the case v =0
is excluded). Let the set of positive roots be II.

o For v e ® let
op: V=V, w = w — 2w, v)v.

Remark 10.11.

(i) According to [Theorem 10.9| all roots of G are normalized with respect to [.,.]g. In particular,

oy(v) = —v, d.h. o, is the reflection at the hyperplane v*.

(ii) Because of o;(b;) = —b;, we have —® = ® and 0, = 0_,,. Let g € G and 1 < i < n with v = g(b;).
Then X X X
929 Ty =9(9 w —2[9 w, b)b;) = w — 2[w, 7b;]9b; = w — 2[w, v]v.

1

This shows o (gx;g~!) = 0,,. We will also refer to x, := gz;g~! as a reflection.

Example 10.12.

(i) Let G = (x,y) = Doy, ¢ = m— -, b1 = (1,0) and by = (cos p,sin ). Then [., .]g is the standard
inner product on R? with respect to by, bs and o: G — GL(R?) is the well-known representation
as the symmetry group of the regular m-gon. The roots correspond to the 2m reflection axes.
Geometrically, the positive roots lie “between” by and be. In particular, ® = ITU (—II).
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(ii) Let G = (x1,...,2p—1) = Sy. Let ey, ..., e, be the standard basis of R” and b; := %(ei—ei+1) for
i=1,...,n—1. It is easy to verify that [., ] is the standard inner product on V' := (b1, ..., bp_1)
with respect to bi,...,b,—1. The homomorphism o: G — GL(V) arises from the permutation
action of S,, on the n coordinates, because

N 1 1
by = oi(bi)) = —b; = 72(6241 —e;) = —=(ex,() = €zi(i+1))s
1
(6 ez+2) 7(627, i+1) emi(z’—i-?))y

“ibi1 = biv1 — 2[bit1,bi]bi = biy1 + b = 5

N 1 .
by =bj = ﬁ(em(j) o ewi(j'i'l)) (7 =l >1).

%\H
\) \)

Obviously, ® = {e; —e; : i # j} and Il = {e; —e; : i < j}, because ¢; —ej = b; +bjp1+...+bj_1.
In particular, |®| = n(n — 1) and |II| = n(n — 1)/2.

Lemma 10.13. For g € G and 1 < i < n, it holds that 9b; > 0 if l(gx;) > l(g) and 9b; < O if
l(gzi) < l(g). In particular, every root is positive or negative, d. h. & =T U (—II).

Proof. Due to g = gx;x; and 9%ib; = —9b;, it suffices to consider the case I(gx;) > I(g). We prove the
first statement by induction on [(g). In the case l(g) = 0, we have g = 1, I(z;) = 1 and b; > 0. Now
let g # 1 and 1 < j < n with {(gz;) = l(g) — 1 (the last factor of a reduced representation of g).
By assumption, z; # x;. We consider the dihedral group H := (z;,z;) < G. Let l[g: H — Ny be the
length function with respect to the generators z;, x; of H @ Let

A:={yegH:l(y) +1aly'g9) =1y}

Since g € A, we have A # @. Choose y € A with I(y) minimal. Because I(gx;) +1g(z;) =1(9)—1+1 =
l(g), it follows that gz; € A. The choice of y shows I(y) < l(gx;) < l(g).

Suppose l(yz;) = I(y) — 1. Then

1(g) < Uyas) + L (zy " g) < Uy) — 1+ 1y ) +1=1(y) +1la(yg) = l(g)

and I(g) = l(yz;)+1g (z;y~g). This shows yz; € A in contradiction to I(yx;) < I(y). Thus I(yz;) > I(y)
and completely analogously I(yx;) > I(y). Induction shows Yb;,%b; > 0. Let h := y~'g € H. Since
g = yh, it suffices to show that "b; is a non-negative linear combination of b; and b;j.

Suppose lg(hz;) < lg(h). Then
lgzi) = Uyhw:) <Uy) + La(hai) <Uy) +1a(h) = U(g)-

Thus every reduced representation of h with respect to z;, x; must end in x;. In the case m;; = oo,
we have ¥ib; = b; + 2bj, *%ib; = "i(b; + 2b;) = 3b; + 2b; etc. (cf. proof ofm We can
therefore assume m := m;; < co. Then b; and b; form the angle m— = and x;x; is a “rotation” by

If Iz7(h) = m, then h = (x;2;)"™/? if m is even and h = x;(w;z;)"~ n/2 if m is odd. In both cases there
would be a reduced representation ending with x; (namely h = (xj2;)"/? or z;(xjz;)™ 1/2). Thus
lp(h) <mand h € {(2;x;)%, zj(z;2;)*} with k < m/2. In the case k = (m—1)/2, we have h = (z;x;)"
and "b; = b;j. In all other cases, (xlac])k is a rotation by less than w, i.e. (x“”i)kbi lies strictly
“between” b; and b;. A further application of x; does not change this. Thus hb; is a non-negative linear
combination of b; and b;. O

22 According to|Lemma 10.17] I is the restriction of | to H. However, this is not used here.
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Theorem 10.14. The homomorphism o: G — GL(V') from|Theorem 10.9 is injective.

Proof. Let g € Ker(c) \ {1}. Then there exists 1 < i < n with I(gz;) < I(g). [Lemma 10.13| yields the
contradiction b; = 9b; < 0. O

Definition 10.15. For I C {1,...,n}, Gy:= (x; : 1 € I) < G is called a parabolic subgroup of G.

Theorem 10.16. For I C {1,...,n},
Gr=({yi i eI} [ {(yiy;)™ 4,5 € I}),

d. h. Gt is itself a Coxeter group.

Proof. Applying the construction of o to the Coxeter group on the right-hand side, one obtains exactly
o(Gr) =2 Gy. O

Lemma 10.17. Let g = x;, ... x;, € G be reduced in G. Then iy,...,1; € I holds. In particular,
{z1,...,an} NGy ={x; i € I}.

Proof. Induction on k. Wlog. let £ > 1. According to [Lemma 10.13| 9b;, < 0 holds. Furthermore, let
g =xj, ...xj5 with ji,...,j; € I. By the definition of o3, it holds that

l
9bi, = bi, + > Aabj,
a=1

with A\, € R. Because 9b;, < 0, i, = js € I must hold for some 1 < s < [. In particular, h :=
Tiy . Ti,_, = gTi, € G is reduced. The claim now follows by induction. O

Corollay 10.18. If g = ;... x5, = xj, ...7j, are two reduced representations of g € G, then
{i1,... i} = {j1,- .-, Jr} holds.

Example 10.19. In the situation of|Corollay 10.18| {41, ..., } and {j1, ..., jr} do not have to coincide
as multisets. In Ss3, for example, z1zox1 = (1,3) = wox129 are reduced representations.

Theorem 10.20. We consider S, as a Cozeter group in the generators x; :== (i,i+ 1). For o € Sy,
there exist uniquely determined numbers ! > 0 and 1 < aq,...,a; < n—1 with the following properties:
(i) 0 =g, ...%q-
(ii) a; #ai—1 <a;+1 fori=2,...,1.
(iii) The sequence (a1,...,a;) has no segment of the form (a,a —1,...,a —r,a) with r > 1.

If applicable, 0 = x4, ... x4, is a reduced word, i.e., | = 1(o).

Proof. We apply the following algorithm to an arbitrary representation o = xq, ... Zq,:
(1) If a; = a;4+1 for some i, then delete x4, xq, .1 = 1 from the representation.

(2) If a;—1 > a; + 1, then swap z,, , and x,, and start again at (1). This is allowed since x4, , and
T4, are disjoint.
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(3) If (a1,...,ar) contains a segment of the form (a,a — 1,...,a — r,a), then replace it with (a —
l,a,a—1,...,a —r) and start again at (1). This does not change o, because

LaTg—1---Tag—rLg = Laglg—-1LaLa—2La—3 - -Lag—r = La—1LaLa—-1Lag—2 - - - La—r

according to the braid relation.

Through (1) and (3), Zle a; is reduced, while (2) decreases the lexicographical order of the sequence
(a1,...,ax). Therefore, the algorithm must terminate after finitely many steps. At the end, conditions
(1)—(iil) are satisfied.

A sequence (a1, ...,a;) that satisfies (ii) and (iii) is called regular. For n = 2, there are only the regular
sequences a = () (with [ = 0) and a = (1). Inductively, we assume that there are exactly (n—1)! regular
sequences (ai,...,a;) with 1 < aj,...,a; < n — 2. Now let (aj,...,q;) be such that ay =n — 1. Then
(ak,ag+1,---,a1) = (n—1,n—2,... ,n—r) for some r > 1 due to (ii) and (iii). For (ay,...,ax_1), there

are inductively exactly (n — 1)! possibilities, while for r there are exactly n — 1 possibilities. Therefore,
there exist (n — 1)!(n — 1) regular sequences that contain n — 1. Together with the (n — 1)! sequences
that do not contain n — 1, one obtains exactly n! = |S,| regular sequences. Thus, each permutation
can be represented by only one regular sequence.

If one applies the above algorithm to a reduced word, the length [ cannot become smaller. Thus,

I = I() holds. 0

Example 10.21. In S5, we have
TYTITRTIT1 4Ty = T4x3(T2T102)T3T4 = T403(T12221) X324 = T1204(T3X22123) T4

= 1‘1:(}4(.%‘2:(}3.%2331).%'4 = X1T2 (m4x3x2m1x4) = T1X2X3X4X3T2X7 .

A reduced representation can be found somewhat faster by proceeding recursively. Let o € S, and
a = U_l(n). Then 7 := 0xqTqy1 ... Tn—1 € Sp—1. By induction, 7 has a representation in the desired
form. Therefore, o = 7t,,_1t,_2...t, also has this property.
Theorem 10.22. The map I — Gy is an isomorphism of lattices, d. h. it holds that

(i) I CJ <= Gy <Gy.

(i) Grog = (Gr1,Gy).
(’iii) Grng=GrnNGy.

Proof.
(i) From I C J it follows obviously that G; < G ;. If G; < G, then it follows
{ririel}={x1,...,2,} NG C{z1,...,2n} NGy ={x;:j € J}
from
(ii) Trivial.
(iii) Obviously Grny < Gy N Gy. The reverse inclusion follows from O

Theorem 10.23. For g € G, l(g) is the number of positive roots that are mapped to negative roots
under g, d.h. 1(g) = |[ILN g~ Y(—=1I)| < |I|. In particular, this number is finite.
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Proof. Induction on [(g): Wlog. g # 1. Let first g = x; for some 1 < i < n. Because of 9b; = —b; we
must show 9v > 0 for all v € IT \ {b;}. Since all roots are normalized, v is not a multiple of b;. So let
v =737 1 Ajbj with A, > 0 for at least one k # 4. In 9v = 7;(v) = v — 2[v, bi]b;, by, still has the positive
coefficient A\;. Therefore v > 0.

Now let I(g) > 2 and 1 < i < n with [(gz;) = l(g) — 1. According to [Lemma 10.13| we have 9b; < 0,
d.h. b; € 1IN g~ (~II). With what was just proven, it follows

IO (gas) ™ (—T0) = (o () N g~ (—I1)) = (TN g (<T0) \ {B.}).

Induction shows
TN g (=) = [N (gzg) " ()| + 1 = I(ga;) + 1 = I(g). O

Remark 10.24. If the length in G is bounded, say by m, then |G| < n™ < co. In infinite Coxeter
groups there must therefore be infinitely many (positive) roots. In particular, —idy ¢ o(G) (otherwise
— id would have infinite length).

Corollay 10.25. If G is finite, then there exists exactly one element g € G with maximal length.

Proof. Suppose g,h € G have maximal length I(g) = (k). Then I(gz;) < I(g) and 9b; < O for

i =1,...,n. Since every positive root is a non-negative linear combination of the b;, g (and h) must map
all positive roots to negative roots, d.h. g(II) = —II. Thus g?>(II) = IT = gh(II) and I(g?) = 0 = I(gh).
This shows h = ¢~ = g¢. O

Example 10.26.

(i) For G = (x,y) = Doy, z :=xy... = yx ... (m factors each) is the element of maximal length (cf.
Example 10.12)). If m is even, then o(z) = —id, i.e., the rotation by .

(ii) For g € G =S, and i < j we have

g(\}i(ei —¢j)) <0 < \}i(eg(i) —eg()) <0 <= g(i) > g(j)

Example 10.12)). Therefore [(g) is the number of inversions of g, i.e., pairs ¢ < j with 97 > 93.
The element of maximal length is therefore

g=<1 2o TlL>:(1,n)(2,n—1)...:tl...tn_l

n n—1

witht; = (i +1,4)...(2,1) and l(9) =1+ ...+ n—1=n(n—1)/2 = [II].
Lemma 10.27 (T1TS). Let g € G and v € II. Then l(gx,) > l(g) <= 9v > 0.

Proof. As in [Lemma 10.13} it suffices to show [(gz,) > I(g) = 9v > 0. Induction on I(g). The case
g = 11is clear. Now let I(g) > 0 and [(x;9) < l(g). Because of

Uzigry) > U(gzy) — 1> 1(g) — 1 = l(zi9)

it holds that *¥9v > 0 by the induction hypothesis. Let us assume 9v < 0. According to[Theorem 10.23]

—1

it then follows that 9v = —b;. This shows 97 w9y = 9 b; = —v and ¢ 'z;9 = x, according to
Remark 10.11} However, this contradicts {(gz,) > I(g) > l(x;9) = l(gxy). O
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Remark 10.28. In the following, we use the notation xy...%&;... T =21 ... Ti— 12541 - - - Tk

Theorem 10.29.

(1) (Exchange condition) Let g = x;, ...2;, € G and v € ® with l(gz,) < I(g). Then there exists
1 <s <k with gx, = ... &, ...x;. If l(g) =k, then s is uniquely determined.

(1t) (Deletion condition) Let g = z;, ...z, € G with I(g) < k. Then there exist 1 < s <t < k with
g = Ty '--j}is jjltx%k

Proof.

(i) Because of x, = x_,, we can assume v > 0. From it follows that 9v < 0. Because
of v > 0, there exists an s with “s+1%%y > 0 and "%k < 0. From [Theorem 10.23| it
follows that “is+1%ky = b; . This shows (z;,,, ...y )To(Ti,, ... T,) "' = x;,, hence gz, =
Tiy - .. Ty ... i, Now let I(g) = k. Suppose there exist s < t with x;, ... %, ...z, = 9T, =
Tiy oo Ty oo 2y, . This yields @; ... w, = x4, ... w4, and @y, ... 2, = 23, ... T5_,. But then

gy . ..mgy, and U(g) < k.

g =1Ti ... T

ER

(ii) Because of I(g) < k, there exists a ¢t with I(x;, ...x;,) < (i, ... 2i,_,). From () it follows that
iy .. Tj, = Tiy ... Ti, ...T; , for some s < t. O

Remark 10.30.

(i) It holds that

1 -

Wzog) <U(g) = 1g  ay) <llg™) = g oy =@y, .. By . Ty = Gy = T4y .. Ty - T

st

(ii) One can show that every group that satisfies the exchange condition (or deletion condition) with
respect to a generating set of involutions is a Coxeter group.

(iii) The deletion condition shows that from an arbitrary representation g = x;, ... x;,, one obtains a
reduced representation by suggestive deletion.

Definition 10.31.
e G is called irreducible, if no partition {1,...,n} = I'UJ with G = G| x G exists.

e The Cozeter graph C(G) consists of the vertices ey, ..., e, and the edges (e;, e;) with m;; > 3. In
the case m;; > 3, the edges are labeled with m;;. Obviously, G is uniquely determined by C(G)
up to the order of the z;.

Example 10.32. It holds that C(S,,): e—e——e—e and C(Dg;,): «™e according to [Example 10.4

Theorem 10.33. G is irreducible if and only if C(G) is connected.

Proof. If G = G x G, then m;; = 2 for ¢« € I and j € J. Thus there is no path between e; and
ej in C(G). Conversely, if C(G) is disconnected, then there exists a partition {1,...,n} = T U J
with [z;,2;] = 1 (commutator) for all ¢ € I and j € J. In particular, [Gr,Gj] = 1. According to
[Theorem 10.22) G = Guy = (G1,Gy) and Gy NGy = Gy = 1. This shows G = G x G . O
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Remark 10.34. Attention: The isomorphism type of G does not determine whether G is irreducible
as a Coxeter group. For example, G = Dq» is irreducible with two generators, but also reducible with
three generators G = Dg x Ss.

Lemma 10.35. Let G be irreducible and Vo :={v € V : [v,V]g =0} < V. Then G acts trivially on
Vo and every proper G-invariant subspace of V' lies in V.

Proof. For v € Vp, it holds that *iv = 0;(v) = v — 2[v, bj]gb; = v. Since G is generated by z1,...,Zy,
G acts trivially on Vj.

Now let W < V be G-invariant. Suppose there exists v € W\ Vj. Then there exists an ¢ with [v, b;]¢ # 0.

It follows that b; = U;[glb(:])) € W. For bj with m;; > 3, it holds that [b;, bj]¢ # 0 and b; = %jb(f]i) ew.

Since C'(G) is connected, one obtains by, ..., b, € W in contradiction to W < V. O]

Theorem 10.36. Let G be a finite irreducible Cozeter group and z € G with mazimal length. Then
Z(G) < (z) holds. In particular, |Z(G)| < 2.

Proof. Let g € Z(G) \ {1}. From *i(9b;) = 9%ib; = —9b; it follows that 9b; = +b; (Theorem 10.23)).
Therefore b; € E1(0(g)) U E_1(0(g)) (eigenspaces for the eigenvalue 1 and —1, respectively). Because
g € Z(G), Ei(o(g)) and E_1(c(g)) are G-invariant and Fi(o(g)) < V, since g # 1. In the case
E_1(0(g)) <V, it would follow that b; € Vy according to [Lemma 10.35] However, [b;, b;]g = 1. This
shows o(g) = —id and 9v < v for all v € II. From [Theorem 10.23|it follows that g = 2. O

Lemma 10.37. Let H < GL(n,R) be finite and irreducible as a matriz group. Then:
(i) There exists an H-invariant positive definite bilinear form on R™.

(i) Assume there exist h € H and XA € R such that the eigenspace Ex(h) has odd dimension. Then
CaLnr) (H) = Rxln@ In particular, this holds if n is odd.

(i11) If Carnr)(H) = R*1,, then any two non-degenerate H-invariant bilinear forms on R™ differ
only by a constant.

Proof.

(i) For v,w € R",

[v, W] = Z[hv,hw]

heH
defines an H-invariant positive definite bilinear form, where [.,.] is the standard scalar product.
(ii) Let f € Carnr)(H). Then f operates on Ey(h). Since dim Ej)(h) is odd, f possesses a real

eigenvalue p on Ey(h). Now 0 # E,(f) < R™ is H-invariant and it follows that E,(f) = R" as
well as f = pl,, since H is irreducible. The second statement is obtained with h = 1.

20ne says: H is absolutely irreducible.
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(iii) Let [.,.]1 and [.,.]2 be two non-degenerate H-invariant bilinear forms on V' := R™. Let V* :=
Hom(V,R) be the dual space of V. Then ¢;: V. — V* v — [v,.]; for i = 1,2 are isomorphisms
of vector spaces (note dimV = dim V*). Thus f := go;l opy1: V — V is an isomorphism with
[v,w]; = [f(v),w]s for all v,w € V. For h € H it follows that

[f(h’l)), hw]Q = [hvvhw]l = [v,wh - [f(?)),w]g = [hf(v)vhw]?

This shows fh=hf,i.e. f € Cqormr)(H)=R*1,. O

Remark 10.38. We consider the dual space V* := Hom(V,R) with the dual basis /1, ..., 3,, where
Bi(bj) = &;5. Through 9¢(v) = 90(9710) forveV, o e V*and g € G, G operates on V*. The map
I':V = V* v [v,.]¢ provides an isomorphism between the actions on V' and V*, because

—1

(T@)(w) =T@)(" w) =[v,? wlg = [v,w]e=T(v)(w)
for v,w € V and g € G. Let 0*: G — GL(V*) be the corresponding monomorphism. We define
C:={peV":Vi:pb)>0} V"

With respect to the dual basis, C' = R is an open set in the Euclidean space R". Since the determinant
R™™ — R is continuous, GL(V*) = det " }(R \ {0}) is open in R™*",

Theorem 10.39. The image o*(G) is a discrete subgroup of GL(V™), i.e., for all a € ¢*(G) there
exists an open neighborhood U(a) C GL(V*) with U(a) N o*(G) = {a}. In particular, o*(G) is closed.

Proof. We identify G with 0*(G). Let ¢ € C and F': GL(V*) — V*, a — %c = a(c). Since matrix-vector
multiplication is continuous, F is continuous and D := F~!(C') C GL(V*) is an open neighborhood of
1 € GL(V*). For g € G\ {1} there exists z; with I(¢g7'2;) < I(g). From Tits Lemma it follows that
9" < 0 and 9¢(b;) = ¢(9 'b;) < 0. This shows D NG = {1}. For an arbitrary g € G, gD is an open
neighborhood of g with gD NG = g(DNG) = {g}.

Now let (a;) € G be a convergent sequence. Then there exists k € N with a; € U(ax) N G = {ay} for
all i > k. Thus the sequence becomes constant and the limit lies in G. This shows that G is closed. [

Theorem 10.40. G is finite if and only if [.,.]¢ is positive definite on V.

Proof. Let G be finite. We argue by induction on n. In the case n = 1, [b1, b1]¢ = 1 and we are finished.
Let n > 1. Assume that G = G x G is reducible. Then V' = V; @ V; with V; := (b; : i € I) and
analogously V. By induction, [.,.]g, and [.,.]g, are positive definite on V7 and V, respectively. For
i€l andjc J, wehave [b;,bjlg = —cos§ = 0. For v=wv +v; #0, it follows that

[U,U]G = [UI,UI]GI + [UJ,UJ]GJ > 0.

Thus [.,.]¢ is positive definite on V.

Now let G be irreducible and Vy = {v € V : [v,V]g = 0} < V. By Maschke, V) has a G-invariant com-
plement W < V. |[Lemma 10.35[shows W =V and Vy = 0, i.e. [.,.]¢ is non-degenerate. The same argu-

ment also shows that o(G) is irreducible as a matrix group. Because dim E_; (o (z1)) = dim E_1(01) =

1, [, .]J¢ is uniquely determined up to a constant by [Lemma 10.37} However, [Lemma 10.37| also states

that a G-invariant positive definite bilinear form exists. Thus [., .| is positive definite.
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Conversely, let [.,.]¢ be positive definite. Through the isomorphism I': V' — V* v — [v,.]g from
one obtains a G-invariant positive definite bilinear form on V* (namely [, pu] =
[T=(), T~ (u)]g for ¢, € V*). By Sylvester’s law of inertia, V* has an orthonormal basis A with
respect to this bilinear form. Writing ¢ € ¢*(G) as a matrix with respect to A, the columns have
norm 1. Since all norms on R™ are equivalent, 0*(G) is bounded (with respect to the Euclidean norm).
According to [Theorem 10.39, 0*(G) is additionally closed and therefore compact. For a € 0*(G), we
choose according to [Theorem 10.39| an open neighborhood U(a) C R™*" with U(a) N o*(G) = {a}.
By Heine-Borel, a finite selection of these neighborhoods already covers *(G). Therefore 0*(G) = G
must be finite. O

Theorem 10.41. The finite Coxeter groups are exactly the reflection groups.

Proof. Let G be a finite Coxeter group. According to [Theorem 10.9 and [Theorem 10.14} G = ¢(G) <
GL(V) is a reflection group.

Conversely, let V := R"™ and S < GL(V) be a reflection group. Let ® C V' be the set of unit vectors
b such that the reflection o3, across b lies in S. We show that ® has the properties of a root system.
From |S| < oo it follows that |®| < co. Because of b+ = (—b)*, we have —® = ®. We order the
b € & lexicographically according to the coefficients with respect to the standard basis of R™. Let
IT:={be ®:b> 0} be the set of positive roots (b > 0 means that the first non-zero component of b
is positive). Then ® = IT U (—II) holds. Let A C ® be a minimal subset such that for all b € II there
exist numbers Ay > 0 with b = > __\ Ass. In the following, let [.,.] be the standard inner product on
R™.
Step 1: [b,c] <0 for all distinct b, c € A.
Assume [b,c] > 0. For p := 2[b,c] > 0 we have oy(c) = ¢ — pb. Because of op0.04 = 04,() € 5, it
follows that o3(c) € ®. First, let o3(c) € II. Then there exist A; > 0 with o4(c) = > - A Ass. In the
case \. < 1, one obtains

(1 =X)e=op(c) + pb— Aec = ub + Z AsS.

s#c

Now, however, one could remove ¢ from A, contradicting the minimality of A. Thus A. > 1 and

(Ae — 1)c—|—,ub+2)\ss =0.
s#c
Because of 4 > 0, this contradicts the definition of II. This shows —oy(c) € II. With —oy(c) = > A Ass
it follows that
(L —Xp)b=—0op(c) +c— Xpb=c+ Z AsS.
s#b
In the case Ay < u, one could remove b from A. Thus Ay, > u. But then

(M —,u)b—i—c—i—Z/\ss =0
s#b
would be a contradiction to the definition of II. Overall, [b, ¢] < 0 must hold.

Step 2: A is linearly independent.
Let > . caAss = 0 with Ay € R for s € A. Separating the positive and negative coefficients yields
bi=3\.50As8 = —D_),<0 Att. From Step 1 it follows that

0< b0l = > > A(=A)[s, <0

As2>0 A <0
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and b = 0. Since b is a non-negative linear combination of positive roots, it follows that A; = 0 for all

s e A.

Step 3: S = (o, : b€ A).

According to Step 2, every root in ® can be uniquely written as a linear combination of A, where either
all coefficients are non-negative or all coefficients are non-positive. Let T' := (o}, : b € A) < S and
b € TI. Among all elements in the orbit 7'b, we choose ¢ = Y sea Ass € I such that h(c) := D A As
is as small as possible. Assume ¢ ¢ A. Because of 1 = [c,c] = ) A As[c, 5], there exists a t € A
with [c,t] > 0. We have o¢(c) = ¢ — 2[e, t]t. Because ¢ € IT \ A, ¢ is not a multiple of t. According to
Step 2, the representation of o;(c) with respect to A is unique. Because ® = ITU (—II), there can be no
coefficients with different signs. This shows A\; > 2[c, t] and one has the contradiction h(o.(c)) < h(c)
to the choice of ¢. Thus ¢ € A and there exists t € T" with b = t(c). As already noted, it follows that
oy =toet~t € T. Thus S = (o, : b € II) = T holds.

Step 4: S is a Coxeter group.

Let A = {b1,...,b,} and 0; = oy, for i = 1,...,n. Let |(gy0;)| = m;; for 1 < i,j < n. According to
Step 2, m;; > 2 for i # j. If applicable, o;0; is a rotation by the angle ¢ := 27/m;; < 7 in the plane
(b, bj). Tt follows that

cos ¢ = [bj,030;(b;)] = —[bj, 03 (b;)] = —[bj, bj — 2[bj, bi]bi] = —1 + 2[b;, b;]?,

cosp+1  cos(p/2)? —sin(p/2)? + 1

bi, b;]* =
[7]] 92 2

= cos(p/2)>.

From Step 1, one obtains [b;, b;] = —cos(¢/2) = —cos(m/my;). Let G = (x1,...,xy,) be the Coxeter
group with parameters m;;. With the notation from |Definition 10.8| [.,.]¢ is now the standard inner

product and the monomorphism o from maps G to S. Because of Step 3, o is surjective
and S =2 G is a Coxeter group. O
Remark 10.42.

(i) G is finite if and only if the matrix (— cos(m/m;;));; is positive definite. For G = S,, one obtains

the matrix
1 -1/2 0
-1/2
. 1 —1/2
0 -1/2 1

(ii) In the following we call G positive semidefinite if [.,.]¢ is positive semidefinite. In particular,
every finite Coxeter group is positive semidefinite.

Lemma 10.43. Let A = (a;;) € R™ ™ be symmetric, positive semidefinite and indecomposable (i. e.
for every partition {1,...,n} = I U J there exist i € I, j € J with a;j # 0). Furthermore, let a;; < 0
fori+£j. Then

(i) Ker(A) = {v € R" : vAv" = 0} and dimKer(A4) < 1.

(ii) The eigenspace for the smallest eigenvalue of A is spanned by a positive eigenvector (i.e. all
components are positive).
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Proof.

(i) Certainly Ker(A) lies in N := {v € R" : vAv* = 0}. Conversely, let v € N. According to the
spectral theorem, there exists an orthogonal matrix S with D := SAS* = diag(dy, ...,d,) and
dy,...,d, > 0. For w:=vS" it follows that

n
Z w?d; = wDw® = vAv® = 0.
i=1

Thus w; = 0 or d; = 0 for all 4. This shows 0 = S*Dw" = Av® and N C Ker(A).
Now let z € N\ {0} and z = (|z1|,...,|zn|). Because a;; < 0 for i # j, it holds that

n n
0<zAz'= Z aijlaiz| < Z Qi Tixj = zAzt =0,

,j=1 4,j=1

thusz€ N.Let [ :={1<i<n:z =0}and J={1,...,n}\I. From z € Ker(A) it follows that
ZjeJ a;jzj = 0 for ¢ = 1,...,n. Because z; > 0, this is only possible if a;; = 0 for all 7 € I and
j € J. Since A is indecomposable, I = @ must hold, i.e. all components of z are positive and all
components of x are non-zero. Since x # 0 was arbitrary, we conclude dim N < 1 (otherwise one
could combine a linear combination with a 0-component from two linearly independent vectors).

(ii) Let d := min{dy,...,dn} > 0. Then B := A — d1,, also satisfies the assumptions of the theorem.
The claim now follows from the proof of (i) for B. O

Lemma 10.44. Let G be irreducible and positive semidefinite. We construct a proper subgraph D from
C(Q) by removing vertices or edges or by reducing edge weights. Then the Cozeter group associated
with D is finite.

Proof. We number the vertices of C'(G) such that D is formed from the first k vertices. Let A =
(aij) = ([bi,bjlg) € RF*k and B = (b)) = (— cos(m/my;)) € R*** be the corresponding matrices.
Then b;j; > —cos(m/m;;) = a;; holds. Suppose B is not positive definite. Let v € R¥F \ {0} with

vBv' <0 and w = (|v1],. .., |vg],0,...,0) € R™. Since G is positive semidefinite, it follows that
k k k
0 S wAwt == Z aij”UiH’Uﬂ S Z bij\vi||vj| S Z bijvivj = ’UBUt S 0
5,5=1 t,j=1 t,j=1
and wAw' = 0. According to [Lemma 10.43} all components of w are positive, i.e. k = n and v; # 0
for i =1,...,k. From this it follows that a;; = b;;. Now, however, D is no longer a proper subgraph.
Contradiction. O

Theorem 10.45 (COXETER). Every finite irreducible Coxeter group G belongs to one of the following
families ]

(An) wih n =~ (D)) o—e———& withn > 4.

(B,) et withn > 2, (o) oo de

24These special graphs are called Dynkin diagrams.
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(B '_._I_._._‘ (Hs) oo
(B ._._I_._._._. (Hy) o>

(Fy) 1 (I2(m)) o™e with m > 5.

Proof.

Existence: Since the given graphs are connected, the corresponding groups are irreducible (Theo-]
. We show that they are all finite. All graphs are trees. If one removes a suitable leaf, one
obtains a tree that also has one of the given types. We can therefore argue by induction and only need
to show that the matrix M := 2([b;, b;]) has a positive determinant (Sylvester’s criterion). For n = 2
one obtains

det M = 4(1 — cos(m/m)?) = 4sin(n/m)? > 0

because of m = mqs > 3. Now let n > 3. We number the vertices ey, ..., e, such that e, is a leaf and
the corresponding edge {e,—1,€e,} has weight m = 3 or 4. Laplace expansion along the last column

shows
det M = 2det M,,_1 — 4 cos(7r/m)2 det M,,_o = 2det M,,_1 — Adet M,,_»

with A € {1,2}, since cos(7/3) = 1/2 and cos(r/4) = 1/+/2. Using sin(7/5) = /10 — 21/5/4, one

calculates inductively

(Ap): detM =2n—(n—1)=n+1,
(Bp): det M =2-2—-2=2,
(Dp): det M =2-4—4=4,
(Eg): det M =2-4—-5=3,

—

cdet M =2-3—4=2,
cdet M =2-2-3=1,
cdet M =2-2-3=1,

—~
SGIGE
S N N e N N

—

10 —2v5—4
(Hs): detM:2~4Sin(7T/5)2—2:0;/5:3—\/5>0,

_12-4V5-5++5  7T-3V5

2 5 > 0.

(Hy): det M = 2(3 — /5) — 4sin(r/5)?

Auxiliary graphs: We add another vertex to some of the graphs and obtain the following Coxeter
graph@ (the number of vertices is now n + 1):

(A1) o (D) p—e——e—d withn > 4.

(A,) A with n > 2.

(Bn) >4 ot withn > 3. (Es) HHL

25The designations are not uniform in the literature.
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(ES) .—.—I—.—.—.—.—O (F4) 4

(Ga) ool

We show that the corresponding bilinear form is positive semidefinite, but not positive definite. For
A, the row sums of M are all 2—1—1=0, i.e., 0 is an eigenvalue and det M = 0. In all other cases,
one can apply the above recursion formula (note sin(7/6) = 1/2):

(Bp): det M =2-2—-2.2=0,
(Cp): det M =2-2—-2-2=0,
(Dyp): det M =2-4—2-4=0,
(Eg): det M =2-3—6=0,
(E7): det M =2-2—4=0,
(Eg): det M =2-1—2=0,
(Fy): det M =2-1—-2=0,
(Ga): det M =2-1-2=0.

Adding a vertex to Hs and Hy4, one obtains the following Coxeter graphs:

(Z4): 2 (Z5): 5

Because of

(Z4): det M =2(3—V5) —3=3-2V5<0,
(Zs): det M =7—-3V5—(3—V5)=4-2V5<0
the corresponding bilinear forms are no longer positive semidefinite.

Uniqueness: Now let G be a finite irreducible Coxeter group of rank n. Let m be the largest edge
weight. Suppose that C(G) does not belong to the positive (semi)definite graphs described above.

(1) Since all connected graphs with n = 2 have already been listed, n > 3 holds.

(2) According to Ay is not a subgraph of C(G) and therefore m < co.
(3) Since Ay is not a subgraph, C(G) must be a tree. Let us first assume m = 3.

(4) Because C(G) # A,, C(G) has a branching point.

(5) Since Dy, is not a subgraph, there is exactly one branching point e.

(6)

Since Dy is not a subgraph, e has exactly three branches. Let a < b < ¢ be the number of vertices
of the three branches.

) Since Fg is not a subgraph, a = 1.

) Since Ey is not a subgraph, b < 2.
9) Because C(G) # Dy, b= 2.

) Since Ey is not a subgraph, ¢ < 4.

)

Since C(G) is neither Eg, F7 nor Eg, the case m = 3 cannot occur. So let m > 4.
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(12) Since Cj, is not a subgraph, there can only be one edge with weight > 3.

(13) Since By, is not a subgraph, there are no branching points, i.e., C(G) is a line. Now let us assume
m = 4.

14
15
16

Because C(G) # By, the two outer edges have weight 3.
Since Fy is not a subgraph, n = 4 must hold.

Because C'(G) # Fy, m = 4 cannot hold. So let m > 5.

18
19
20

Since Z4 is not a subgraph, an outer edge must have weight m.

(14)

(15)

(16)

(17) Since G is not a subgraph, m = 5 holds.
(18)

(19) Since Zs is not a subgraph, n < 4 must hold.
(20)

But then C(G) would be equal to Hz or Hy. Contradiction. O

Theorem 10.46. For the groups in|[Theorem 10.49, the following holds:

(An) G Sy (Eg) G = 2.07(8,2).2 with |G| = 696.729.600 =
21435527,

(Bn) G= 02 l S

(Dn) G=CP xS, (Fy) G = (CF % 84) » Ss.

(Eﬁ) Aut(SU(4 2)) = SU(4, 2) X Cg with (Hg) G = A5 X CQ.

|G| = 51.840 = 273%5.

(E7) G = Sp(6,2) x Cy with |G| = 2.903.040 =
210345 7. (Ix(m)) G = Doy,.

(Hy) |G| = 14.400 = 263252,

Sketch of proof. For (Ay) and (I2(m)), the claim is known from [Example 10.32| Since [.,.]¢ is positive

definite, [.,.]¢ coincides with the standard scalar product on R™ up to a choice of basis. We choose

concrete vectors by, ..., b, with the given values [b;, b;] and determine o(G) explicitly. Let e, ..., e,

be the standard basis of R".

(By,) Define b; := %(ei —ei41) fori=1,...,n—1 and b, = e,. It holds that [b;, b;] = 1, [b;, b;] =
for |j —i| > 1, [bi,biy1] = —1/2 = —cos(w/3) for i = 1,...,n — 2 and [by_1,b,] = —1/\f =
— cos(7/4) as desired. It holds that b;- = (ej, e; + €41 : j 75 > With respect to ey, ..., en, o(x;)
corresponds to the permutation matrix for the transposition (i, + 1) for ¢ = 1,...,n — 1 and

o(zy) = diag(l,...,1,—1). Therefore, o(G) is the group of signed permutation matrices. This
shows G = C9 S,,.

(Dy,) Define b; := %(ei—€i+1) fori=1,...,n—1and b, = %(en,l +ey). It holds that [b,—2, by—1] =

2
[bp—2,bn] = —1/2 and [b,—1, b,] = 0. Again, o(z;) for i < n are permutation matrices and
1
o(zn) = 1
0 -1
-1 0

Therefore, o(G) consists of the signed permutation matrices with an even number of —1 entries.
The corresponding diagonal matrices form a normal subgroup Cg’_l with complement S, in G.
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(Hs) For x := x3xa, y := xaxi, it holds that [(z)| = 3, |(y)| = 5 and |(zy)| = 2. According to
there exists an epimorphism As — (x,y) =: H. Since Ajs is simple, it follows that
H = As. From o(H) < SL(3,R) and det(o;) = —1, it follows that |G| = 2|H| = 120. According
to G € {S5, A5 x C3} holds. In the case G = S5, we would have Dyg = (x1, z2) < Aj
in contradiction to det(x;) = —1.

The other cases are quite elaborate and can be handled with GAP:

for para in [["E" ,6] , ["E",?] , ["E" ,8] , ["F" ,4]] do
L:=SimpleLieAlgebra(paral[1] ,para[2],Rationals);
R:=RootSystem(L);;
W:=WeylGroup(R) ;
Print(para," ",Order(W),"\n");
od;
F:=FreeGroup("a","b","c","d");;
AssignGeneratorVariables(F);;
H4:=F/[a~2,b"2,c"2,d"2, (axb) "5, (b*c) "3, (c*d) ~3,Comm(a,c) ,Comm(a,d) ,Comm(b,d)];
#Comm(a,b)=[a,b]
Size(H4);

Remark 10.47.

(i) The matrix —1, clearly lies in the center of the Coxeter group G = C§ x S, of type (By)
(signed permutation matrices). According to [Theorem 10.36) Z(G) = (—1,). If n is odd, then
G = Z(G) x H, where H is isomorphic to the Coxeter group of type (D,,) (permutation matrices
with an even number of —1 entries). Nevertheless, G is irreducible. For n = 3 one obtains

G = Cyx (C2x83)=Cy xSy

This group permutes the eight vertices of the cube (+1,41,+1) and is therefore its symmetry
group (and that of the octahedron with vertices (£1,0,0), (0,+£1,0), (0,0,+£1)). For n > 4 one
obtains the symmetry group of the n-dimensional hypercube. The Coxeter group H = C2 x S3 &
Sy of type (Ds3) permutes the four vertices (1,1,1), (1,—1,-1), (=1,1,-1), (—1,—1,1) of the
tetrahedron and is therefore its symmetry group. As is well known, Sy is also the Coxeter group
of type (As).

(ii) One can show that the Coxeter group of type (Hs) is the symmetry group of the dodecahedron
(or the icosahedron). The Coxeter group of type (F4) is an extension of the group of type (Dy)
by S3. The Coxeter group of type (E7) is a Schur extension of the orthogonal group GO (8,2) =
01 (8,2).2 with center Cs.

(iii) A (complex) Lie algebra is a finite-dimensional C-vector space L with an alternating bilinear map
LxL— L, (v,w)w— [v,w], which satisfies the Jacobi identity

[u’ [va“ + [U’ [wvu“ + [w’ [U,UH =0

fulfilled. For example L = C™*™ with [v,w] := vw — wv. One calls L simple if [L, L] # 0 and if
no subspace 0 < U < L with [L,U] C U exists. The classification of simple Lie algebras leads to
the diagrams A,, B, Cn, Dy, Eg, E7, Eg, F4 and GQE These correspond more or less to the
simple groups of Lie type (for example, A, corresponds to the family PSL(n 4+ 1,¢) and C), to
the family PSp(2n,q)).

265ee |Algebra notes

94


https://benjaminsambale.github.io/subpages/teach.html

(iv) One calls ¢ € GL(C?) a complex reflection if |{o)] < oo and dimKer(c —id) = d — 1. A
complex reflection group is a finite subgroup G' < GL(C?) generated by complex reflections. Every
reflection group is clearly also a complex reflection group. Shephard and Todd have completely
classified the irreducible complex reflection groups. Apart from 34 exceptions, every such group
has the form

G(m,d,n) := <(:p1,...,xn;0) € Cp 1Sy (xl...xn)m/d = 1>,
where n,m,d € N and d | m. Clearly G(m,1,1) = C,,, G(1,1,n) =2 S, G(2,1,n) = C3 S, (type
(Bn)), G(2,2,n) type (D) and G(m,m,2) = Dy, (type (I2(m))). The 34 exceptional groups
are unfortunately only available in the old GAP version 3

Definition 10.48. For a,b,c € Z \ {0},
D(a,b,c) = (z,y | 2 = ¢* = (zy)° = 1)

is called a von Dyck group.
Lemma 10.49. D(a,b,c) does not depend on the order and the signs of a,b, c.

Proof. The independence from the sign is obvious. So let a, b, ¢ > 1. Because of (zy)¢ = 1 <= (yz)¢ =
1, one can swap a and b. Now let 2/ := 2y and ¢/ := y~!. Then 2% = y* = (xy)¢ = 1 is equivalent to
(") = () = (2'y/)® = 1. Thus, one can also swap a and c. O

Theorem 10.50. D(a,b,c) is finite if and only if é + % + % > 1. If applicable, one of the following
Cases occurs:
(i) D(1,b,¢) = Cyeaqv,e)-
(i) D(2,2,¢) = Day..
(iii) D(2,3,3) = Ay.
(iv) D(2,3,4) = Sy.
(v) D(2,3,5) = As.

Proof. According to we can assume 1 < a < b < c. First, let a = 1. By Euclid, there
exist a, 8 € Z with ged(b, ¢) = ab + Be. Thus y&d®:e) = (y2) 4 (y©)% =1 in D(1,b,c). It follows that
|D(1,b,¢)| < ged(b, ). Conversely, Cyeq(p,c) also satisfies the relations of D(1,b,c). Thus (i) holds.

In the case a = b = 2, the claim follows from [Example 1.17] The case (a, b, c) = (2,3, 3) was treated in
[Exercise 2|

Let (a,b,c) = (2,3,4) and G := (z,y | 2* = 9?> = (2y)® = 1) = D(2,3,4) and H := (z) < G. We
consider the cosets

H,yH, zyH,z*yH, 23y H, yz*yH.

Because of zyz = yaz~'y and zyz’y = ya~lyzy = yrlryzry = yr?yxr !, the cosets are permuted by
left multiplication by z. Because of yxy = 2~ 'yax~! = x3yx3, y also permutes these cosets and we see
that every element in G is contained in one of these cosets. Thus |G| < |G : H||H| < 24. On the other
hand, one sees that =’ := (1,2,3,4) and ¢ := (1,2) in Sy also satisfy the relations of G. This yields

Thttps://webusers.imj-prg.fr/~jean.michel/gap3/
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(iv). The case (a,b,c) = (2,3,5) has already been treated several times (Remark 1.18] [Example 2.16).
It is easy to see that in all other cases % + % + % < 1 holds.

Let

H = (u,v,w | u? = v? = w? = (w)®* = (vw)® = (uw)® = 1)
be a Coxeter group. Obviously N := (uv,vw) < H with |H : N| = 2. Furthermore, there exists an
epimorphism D(a, b, c) — N. It therefore suffices to show that H is infinite for é + % + % < 1. In the
case a > 3, C(H) is a cycle and |H| = oo according to [Theorem 10.45 So let a = 2 and 3 + 1 < 1.
Then b,¢ > 3 and H is irreducible. For b = 3, we have ¢ > 6 and the claim follows in any case from

[Lheorem 10.45l O

Remark 10.51. A finite group G # 1 is called a Hurwitz group, if G = (x,y) with 2? = y3 = (29)" =
1 holds. These are thus exactly the finite non-trivial factor groups of the infinite von Dyck group
D(2,3,7). According to all Hurwitz groups are perfect and indeed many simple groups,
among others A,, for n > 168, GL(3,2) and the sporadic Monster group are Hurwitz groups.

Theorem 10.52. For n € N, there are infinitely many prime numbers p =1 (mod n)@

Proof. Let py,...,ps be prime numbers with p; =1 (mod n) fori =1,..., s (the case s = 0 is allowed).
Let m := np;...ps. The cyclotomic polynomial ®,, induces, as a monic polynomial, an unbounded
function R — R. Therefore, there exists a k& € N with ®,,(km) > 1. Let p be a prime divisor of
®,,(km). Because of ®,,(km) | ((km)™ — 1), we have p { m and the order r of mk + pZ € F’ divides
ged(m,p —1). Assume r < m and set a := (mk)” =1 (mod p). Then

m m_ ar—1 (mk)"—1
. +a+...+a T (k) — 1 }I_[ a(mk) =0 (mod p)
dir

holds in contradiction to p { m. Thus r = m holds and m | p — 1, i.e. p = 1 (mod m). Because of
n | m, we also have p =1 (mod n). On the other hand, m =np;...ps and p ¢ {p1,...,ps}. We have
thus found a new prime number in the residue class 1 4+ nZ. O

Theorem 10.53 (MILLER). For a,b,c € N\ {1}, there exists a finite group G = (x,y) with |(z)| = a,
[{y)| = b and [(zy)| = c.

Proof (HoLT). Instead of constructing G as a quotient of a von Dyck group, we give an independent
proof. |Theorem 10.52| guarantees the existence of a prime p = 1 (mod 2abc). Let (4, G, (. € F) be
elements with order 2a,2b and 2c respectively. Let A € ), be initially arbitrary. Then

o5 Seman v=(§ L)esnn

have the eigenvalues ¢, # (;! and (, # G ! respectively. In particular, z,y are diagonalizable and
it follows that |(z)| = 2a and |(y)| = 2b. Because of tr(zy) = 2¢,(, + A, one can choose A such that
tr(zy) = (. + ¢! holds. For the eigenvalues e, f of zy (in a splitting field), e + f = tr(zy) and
ef = det(zy) = det(x)det(y) = 1 holds. This shows {e, f} = {(., (- '} and zy is also diagonalizable
with order 2c. Since 2%, z° and (zy)¢ have the double eigenvalue —1, 2% = y® = (zy)¢ = —15 € Z :=
Z(SL(2,p)) holds. With T := xZ and § := yZ, G = (Z,y) < PSL(2, p) satisfies the claim. O

28This is a special case of DIRICHLET’s theorem on arithmetic progressions: The prime numbers are distributed uniformly
among the coprime residue classes modulo n, i.e. for ged(k,n) = 1, the proportion of prime numbers in k + nZ is

exactly 1/¢(n).
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11 Free Products and Amalgams

Example 11.1. The direct product G x H of two groups G and H is the largest group D with the
following properties:

e G,H<Dand D= (G,H),
e zy=yx forallz € Gand y € H.
We construct the largest group that satisfies only the first property.

Definition 11.2. Let G; := {G; : i € I} be a non-empty family of groups. A free product of Gy is
a group G with homomorphisms \;: G; — G (i € I) with the following universal property: For every
group H and homomorphisms p;: G; — H, there exists exactly one homomorphism ¢: G — H with
pi = A forall ¢ € 1.

Lemma 11.3.
(i) The homomorphisms \; are injective and G = (N\;(G;) 1 i € I).

(ii) Up to isomorphism, there is at most one free product of Gj.

Proof.

(i) Let H := G}y, p; '=1idg and p;j := 1 for j # i. Then there exists a ¢: G — H withidg = p; = p\;.
In particular, \; is injective. Now let H := (\(G;) : i € I) < G and p; :== \j: G; — H. Then
there exists exactly one ¢: G — H with \; = p); for ¢ € I. For the same reason, there exists
exactly one homomorphism ¢’': G — G with \; = ©')\;. Obviously, ¢’ = idg must hold. If one
interprets ¢ as a map G — G, then ¢ = ¢’ also holds. This shows G = H.

(ii) Let H also be a free product of Gy with homomorphisms p;: G; — H. Then there exist homo-
morphisms ¢: G — H and ¢: H — G with u; = oX\; and \; = ¢Yu; for ¢ € I. It follows that
Yo = vu; = A\ and Yu; = Ay = p;. Now, as in , idg and idg are the only homomorphisms
with idg A\; = A\; and idy p; = pi. This shows i = idg and ¥ = idg. In particular, ¢: G - H
is an isomorphism. O

Remark 11.4. According to one can speak of the free product of G; without mentioning
the homomorphisms \;. One writes G = Frje; G; or Gy *...x G, if I = {1,..., n}@ Since the \; are
injective, one can assume G; < G (this corresponds to the formal difference between direct product
and direct sum).

Theorem 11.5. For every non-empty family of groups Gy, there exists Fric; G;.

Proof. We modify [Definition 11.2] Wlog. let G;NG; = @ for i # j. Let W be the set of all formal words
of the form w = g1 ... g, with n € Ng and g1,...,9n € U;c; Gi- One calls w reduced, if g1,...,g9, # 1
and {g;,gi+1} € G for i = 1,...,n — 1 and all j € I. Obviously, w can always be reduced. Words
v,w € W are called equivalent, if they can be reduced to the same word. Let G = {[w] : w € W} be
the set of equivalence classes of this relation. Obviously, G is a group with respect to concatenation.
We define \;: G; — G by \i(g) := [g] for ¢ € G. Now let H be another group and p;: G; — H
homomorphisms for ¢ € I. Obviously, the map ¢: G — H with [w] — p1(g1) - .. pn(gn) is a well-defined

29 Attention: Danger of confusion with the central product.
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homomorphism with p; = @\; for @ € I. Since G is generated by the elements [g] with g € [JG; by
construction, ¢ is uniquely determined by p;. O

Lemma 11.6. Fvery element in Fr;c; G; can be uniquely written as a reduced word.

Proof. We proceed as in Let R be the set of reduced words r = g1 ...g, with g1,...,g, €
UG;. For g € Gj let

r ifg=1,
9. 991 9n if g1 ¢ Gy,
92 Gn if g =g7",

(991)g2 - .. gn otherwise.

One easily sees that this describes an action G; — Sym(R). By the universal property, the action can
be extended to G — Sym(R). For v,w € R with [v] = [w], it now holds that v = M1 = [*l1 = w. O

Remark 11.7. In the following, we will replace [w] by w. Every element in Fr G; can then be uniquely
written in the reduced form g; ... g,. Conversely, if one has H = (G} : i € I) such that every element in
H can be uniquely written in reduced form, then it follows that H = Fr;c; G;, because the inclusions
o;: G; — H can be extended to an isomorphism.

Example 11.8.

(a) A free product of free groups is free: Let F; = Fx, with X; N X; = @ for i # j. Let X := (J;c; Xi
and F := Fx. Let p;: F; — H be homomorphisms. Then there exists exactly one homomorphlsm
¢: F'— H with ¢(z) := pi(z) for € X;. Because of F; = (X;), we have p; = ¢|p,. As a special
case, one obtains F,, =Z * ... x Z.

(b) Let G = (z) * (y) = Oy x Cy and z := xy € G. Because of 2~ = yx, every element in G can be
uniquely written in the form z%z® with a € Z and b € {0,1}. Because of zzz~! = 27!, we have

G=(2)x () 2ZxCy=D
Lemma 11.9. [t holds that PSL(2,Z) = Cy * Cs.

Proof. Let A := ( 10) and B := (07}

indirectly that C' = ( ) € SL

in SL(2,Z). We first show SL(2,Z) = (A, B). Suppose

i)
1
(A, B) with \a| + |c¢| minimal. Assume a # 0 # c. Then

RN
( i (Z Z)_(atsc btlSd)gé(A,B%

o= ()= (5e b

In the case |a| > |c|, one can choose s such that |a + sc| + |¢| < |a| + |¢| holds. Otherwise, one can
choose r such that |a| + |ra + ¢| < |a] + |¢| holds. Contradiction. Thus a = 0 or ¢ = 0. In the first case,
it would be

S

©= (fl idl> € {BA*(AB)~""!, B(AB)""'}

and in the second case, it would be

C= (jgl £’1> € {(AB), A%(AB)™}.
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This shows SL(2,Z) = (A, B).

Because of A2 = —1 = B3, A, B € PSL(2,Z) have order 2 and 3 respectively (note Z(SL(2,Z)) =
(—19)). Let G := (x) * (y) = Ca % C3. Then there exists an epimorphism ¢: G — PSL(2,Z) with
o(z) = A and ¢(y) = B. Suppose there exists w € Ker(¢) \ {1}. Then w is an alternating product of
x and y*!. After conjugation, we can assume w = xy ...y with €1,...,€, € {#1}. The matrices
AB and AB~! = (:} 91) have non-negative and non-positive entries, respectively. The same property

would also have to hold for

ABe ... ABn-1 AB~n = o(wy™) = p(w)p(y™) = Ben.

In fact, however, B¢* has both positive and negative entries. Thus ¢ is an isomorphism. O

Lemma 11.10. Let F := Frje; G; with G; # 1 for all i € I. Then:
(i) Every element g € F of finite order lies, up to conjugation, in some G;.
(i) For g € G; \ {1}, Cr(g9) = Cg,(g) holds.

(i1i) For |I| > 2, |F| =00 and Z(F) =1 hold.

Proof.

(i) Let g = g1...gn € F be reduced with n > 2. After conjugation, we can assume that g; and g,
lie in different factors G;. Obviously, g # 1 for all k > 1.

1

(ii) Let x = 1 ...z, € Cp(g) be reduced and wlog. =, ¢ G;. Then zgz~" would also be reduced and

zgr—t #g.
(ili) For g € G; \ {1} and h € G; \ {1} with i # j, gh is reduced with infinite order. Furthermore,
Z(F) < Cp(g) N Cp(h) < G;NG; =1 by (i). 0

Theorem 11.11. Let G = Fric; G; and H = Fricr H; be free products over the same index set I. Let
oi: G; — H; be homomorphisms for i € I. Then there exists exactly one homomorphism ¢: G — H
that extends all o;. Furthermore, Ker(yp) is the normal closure of | J;c; Ker(o;) in G.

Proof. The existence and uniqueness of ¢ follows from the universal property. Let N <G be the normal
closure of | J;c; Ker(o;) in G. Certainly N C Ker(y). Assume Ker(¢) € N and choose g = g1 ...gn €
Ker(¢) \ N reduced with minimal n and g, € G;, for k=1,...,n. If 05, (gx) # 1 for k =1,...,n, then
1 =¢(g9) =0i,(g1)...0i,(gn) would be reduced in H. This contradiction shows oy, (gx) = 1 for some
1<k <n.Butthen g;...g9xk—19k+1---9n € Ker(p) \ N in contradiction to the choice of n. Ul

Corollay 11.12. Let G; = (X; | R;) be presentations for i € I. Then
Frie1 Gi = <UieIXi | UZ.GIRQ-

Proof. Let F; := Fx, and F' be the free group with respect to UieIXi' By |[Example 11.8, F' = Fr;c1 F;.

Let o;: F; — G; be the canonical epimorphism. By [Theorem T1.11] there exists an epimorphism
@1 F — Fric; G; with Ker(p) = (JKer(o))F = ( Rf’)F = (UR;)¥'. This shows the claim. O
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Remark 11.13.

(i) KUROSH has shown that every subgroup H of F' := Fr;c; G; has the form
Fo * Frier Fraciemrya, (H N 2Gix )

where Fj is free (here H\F/G; is the set of double cosets with respect to H and G;).

(ii) From direct products one can form central products by quotienting out central subgroups. We
construct a non-commutative variant.

Definition 11.14. Let Gy = {G; : i € I} be a family of groups. Let H be a group and o;: H — G;
monomorphisms for i € I. Let N be the normal closure of {o;(h)~to;(h) : h € H,i,j € I} in
F :=Fric; G;. One calls F/N the amalgam of Gr w.r.t. H.

Remark 11.15. Because of o;(h) = o;(h) (mod N), it holds that o;(H)N/N = o;(H)N/N < F/N.
Thus, one identifies the isomorphic copies of H in G;. In the case H = 1, N = 1 and one obtains
the ordinary free product. In contrast to the free product, F//N also depends on the choice of the
monomorphisms o;.

Example 11.16. We had proven PSL(2,Z) = (A, B) = Cs x C3 in One easily sees that
SL(2,7Z) = (A, B) is an amalgam of (4) = Cy and (B) = Cg w.r.t. (A?) = (B3) = (~15) = Z(SL(2, Z)).

Lemma 11.17. In the situation of |Definition 11.14}, let R; be a transversal?! for the cosets of o;(H)
in G; with 1 € R;. Then every element in F/N can be uniquely written in the reduced form ry ...rp,hN
with n € No, m, € Ry, \ {1}, i # ik41 and h € 04, (H).

Proof. Let g = g1...9,N € F/N with g, € G;, be arbitrary. Then there exist 1 = g1 € R;, and
hi € H with g1 = ri04,(h1). Because of oy, (h1)N = 04,(h1)N, there exist ro = 04,(h1)g2 € R;, and
he € H with g = r1(0i,(h1)g2)93 - .. gnIN = r1r20,(h2)gs ... g N and so on. Elements r; = 1 can be
omitted. In this way, g can be brought into the reduced form.

Now let R := {ri...rm04,(h) : r; € Riy;h € H} C F be the set of reduced words. We show as in
Lemma 11.6/that F' acts on R. It suffices to show that each G acts on R. Let x = To;(h1) € G; and
r=ry...17,0;,(h) € R. We first assume j # i; and define

Yr =T oy, (h1)r1 0iy(ho)re ... 04, (hp)rnoi, (hnt1h) € R

with o, (hi)ri = o4, (hi)Tk05, (hg41) for k=1,...,n (in the case € 0;(H), one must remove Z). For
y € G it follows that

y(zr) = Yx 04y (hllhl)’l“l ... 04, (h%hn)rnain (h%+1hn+1h)

with yZ = yzo;(h}) and o;, (hy,)oi, (h)re = o3, (A he)rroi, (R, ) for k= 1,...,n. On the other hand,

Yr =gz oy (K)r1 ... oi, (h]))raoi, (hy 1 h)
with yx = yzo;(hYf) and oy, (b)) = o4, (W) rroi, (hy, ) for k=1,... n. It follows that

yzoj(hy) = yx = yTo;(h1) = yxoj(hihy)
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and h{ = h{hi, since o; is injective. By induction on k, we obtain

i (R0 (R y) = 03, (W) = 03y (Rl = iy (R0, (e )T, (1)

= iy, ()10, (W1 Py 1) = 0 (R0, (1 Pis),
d.h. h;Hth = h/k/+1' The case j = i1 works analogously. Thus ¥(*r) = ¥*r is proven and F acts
on R with *[r] = [zr] (mod N). For h € H, 0;(h) has the same action on R as oj(h) for i,5 € I.

Thus N acts trivially and F//N acts on R. For v,w € R with [v]N = [w]N, it now holds that
v=INT = [WIN] — . O

Lemma 11.18. Let G = F/N be an amalgam of Gy w.r.t. H and o;: H — G;. Then there exist
subgroups H =2 H < G and G; 2 G; < G with G =(G;:i € I) and H = G;N (G, : j # 1) foralli € I.

Proof. Let G; :== G;N/N and H := ¢;(H)N/N < G (does not depend on 7). From [Lemma 11.17] it
follows that G; = G;/G; N N = G;. Because of H < G, we also have H = H. From F = (G; :i € I)
it follows that G = (G, : i € I). Finally, H = G; N (G, : j # i) also follows from [Lemma 11.17] O

Remark 11.19. In the following, we will consider the groups G; and H as subgroups of G = F/N.
Let R; be a transversal?! for G;/H with 1 € R; for i € I. Every element in G can then be uniquely
written in the reduced form ry...7r,h with 7, € R;, \ {1} and h € H.

Lemma 11.20. Let G be an amalgam of Gy w.r.t. H. Then:
(i) Every element of finite order of G lies, up to conjugation, in some G;.

(ii) If there exist distinct i,j € I with G; # H # G, then |G| = oo.

Proof.

(i) Let g =r1...7,h be in reduced form with finite order. After conjugation, we can assume i1 # i,
(Note: all r; might possibly be changed). Then the elements g, g2, ... are however all distinct.
This contradiction shows n <1 and g € Gy,.

(ii) For g1 € G; \ H and g2 € G; \ H, g192 has infinite order. O

Theorem 11.21. FEvery finite group G is a subgroup of a finite group G with the following property:
If H, K < G are isomorphic subgroups and ¢: H — K is an isomorphism, then there exists an © € G
with @(h) = xha~! for all h € H. In particular, H and K are conjugate in G.

Proof. We set G := Sym(G) and embed G by means of the regular representation o: G — G,z o,

N

with 0, (y) = zy. Let ¢ € G be any bijective extension of ¢. For h € H and k € K it now holds that

(pong™")(k) = p(he™ (k) = p(h)k = o) (k)

and (ﬁo‘h(ﬁfl = Oyp(h)- O

Remark 11.22. The proof of [Theorem 11.21] no longer works for infinite groups. For example, the
canonical isomorphism ¢: Z — 27 cannot be extended to a bijection Z — Z.
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Theorem 11.23 (HIGMAN-NEUMANN-NEUMANN). Let G be a group, H K < G and p: H — K an
isomorphism. Then G is a subgroup of a group G such that there exists an © € G with p(h) = rha™!
for all h € H. In particular, H and K are conjugate in G.

Proof. Let (a;) = Z and G; := G x {(a;) for i = 1,2. By the universal property, there exist homo-
morphisms o1: G x H — Gy and 09: G * H — G with (0;);¢ = id and o1(h) := arhay! as well
as oa(h) == agp(h)ay! for h € H. By [Lemma 11.6, o1 and o9 are injective. Let G be the amalgam
of G1 and G2 with respect to G * H. By [Lemma 11.18, one can identify G with 01(G) = 02(G)
in G. For h € H, it holds that ajha;! = o1(h) = o2(h) = azp(h)ay' and the claim follows with
T = a;lal € G. ]

Remark 11.24. In the situation of [Theorem 11.23, (G,z) < G is called an HNN extension of G with
respect to ¢: H — K. If G is torsion-free, then so is every HNN extension by [Lemma 11.20]

Theorem 11.25. Every countable group is a subgroup of a group with two generators.

Proof. Let G = {1 = go, g1, - . .} be a countable group. If G is finite, the claim follows from G < Sym(G).
Thus, let |G| = co. Let Fy = (z,y), X := {y*2y~% : k > 0} and

Y = {aFyzFg, k> 0} C G« F.

From it follows easily: (X) = Fx = Fy = (Y). Let ¢: (X) = (Y), yFzy=™ — 2Fya=Fg,
for k > 0. Let G := (G * Fy, s) be an HNN extension of G * I with respect to . Then syFzy*s~1 =
zFyx=F g, holds for k > 0. In particular, y = szs™' € (x,s) and g = (xFyz=F)"LsyFzy=Fs™! € (x,s)
for k > 1. This shows G < G = (x,s). O

Theorem 11.26. There exists an infinite group with exactly two conjugacy classes.

Proof. Let first G = G1 = {1 = go, 91, 92, . - .} be any countable torsion-free group (for example G = 7).
Inductively, there exists a torsion-free countable HNN extension G+1 of G, such that ¢g; and g,41 are
conjugate in Gy,11. In the torsion-free countable group G* := J,,cry G, all g; are then conjugate. We
now set Hy := G and H,y; := H for n > 1. Finally, let H := J,,~, H;. For z,y € H\ {1}, there exists
ann > 1 with x,y € H,,. By construction, 2 and y are conjugate in H,,.; < H. Thus H possesses only
two conjugacy classes. 0

Remark 11.27. Let G be a torsion group with class number 2. Then every non-trivial element in
G has the same order p. Certainly p is a prime number. In the case p > 2, x € G \ {1} cannot be
conjugate to z~. Thus p = 2 and G is abelian. It follows that G = Cs.

12 The Burnside Problem

Remark 12.1. BURNSIDE asked in 1902:
(I) Is every finitely generated torsion group finite?

(IT) Is every finitely generated periodic group ﬁnite?lﬂ

30Reminder: Periodic means that the order of all elements is globally bounded (i.e., exp(G) < 00).
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(ITI) For d,e € N, are there at most finitely many finite groups with d generators and exponent e?

The first question was answered negatively by GOLOD in 1964. NOVIKOV and ADJAN also answered
(IT) negatively in 1968. ZELMANOV, on the other hand, proved in 1989 that (III) is correct (he received
the Fields Medal for this)[T]

Theorem 12.2 (GOLOD). For every prime number p > 2, there exists an infinite p-group with two
generators.

Proof (GUPTA).
Step 1: Construction of G.
Let (a) = (t) = Cp and H = (a) * (t). Let a; := t'at~" and

A= (a) = (ag,a1,...,ap 1).

Since every element of A can be uniquely written in the form a?’ll co.apf with 1 <nq,...,ng < pand

ik # ig+1, A = (ag) * ... * (ap—1) (Remark 11.7). Furthermore, H = Ax (t). For 0 < k < p, let
0: A — H be the homomorphism with 6 (ay) := a and 6 (a;) := t*=* for i # k. Set No = 1 and

Nii1:={x € A:Vi:0;(x) € Ni}.

Clearly 1 = Ng < Ny < .... We show N < H. This is clear for k = 0. Let inductively Ny < H. Then
first Npy1 < A. Let w = w(ag,...,ap—1) € Nit1. Because 0;(a;) = 0;—1(aj—1), we have

Gi(twt_l) = 9¢(w(a1, ceey Gp1, CL())) = Hl-,l(w(ao, - ,ap,l)) S Nk
and twt™" € Nj41. This shows Ngyy < H. Thus also N = (J;5o Ni < H. Finally, let

G := H/N.

Step 2: G is a finitely generated p-group.

Certainly G = (aN,tN). For h = wt' € H with w = a;”ll .. a;“-‘;’“ € A reduced and 0 <7 < p, let

1+k ifs
TOEER SRR
k if7=0.

We show rP'" € Ny for all h € H. Then G is a p-group. For I(h) < 1, h € (t) U (ag) U...U (ap-1)
and h? =1 € Np. Let I(h) = n + 1 and assume the claim is already proven for n. First assume ¢ # 0.
Then I(w) = n and

WP = (wt')P = wttwt " tFwt =2 . PP

For w = w(ag,...,ap-1), we have t/'wt™7* = w(aj;, ajit1,...,aj+p—1), where the indices are to be
read modulo p. Let di be the number of powers of a; in w. The number of powers of a; in AP is then

at most
p—1 p—1
> di-ji=) dj<n
j=0 7=0

31The proof uses Schreier’s conjecture and is thus based on the CFSG.
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because p 1 i. The number of powers of a in 0 (hP) is therefore also < n. We count how many ¢ occur in
O (hP). For r # k, let s, be the sum of the exponents of all a, in w. The contribution of these powers
to the exponent sum of ¢ in 0 (hP) is then

p—1
Z»(wij—k)zsr(p(r—sz'(’z’))zo (mod p),
j=0

since p > 2 (note that for ij +r = k nothing is counted). Because A < H, all ¢ in 65 (hP) can be shifted
to the right without changing the exponent sum. This shows 6 (h?) € A. By shifting the ¢, some of
the a are transformed into a;. Their number, however, is still < n, d.h. [(6;(h?)) < n. By induction,
O, (h?""") = 0, (hP)P" € N, for all k, d.h. h?""" € Nyyq.

Now let i = 0, so h = w € A. After conjugation, we can assume that w does not start and end with
the same a;. If [(f;(w)) < n already holds for all k, then 8;(w?") € N, by induction and it follows
that w?" € N1 as well as w?" ™ € Np41. So let us assume [(6;(w)) = n+ 1 for some k (note that the
length cannot increase). If w contains two powers of a; with j # k, then these are mapped to powers of
t under 6. After shifting all ¢ in 0;(w) to the right, one obtains the contradiction [(6;(w)) < n. Thus
w can contain at most one power of each a; with j # k. On the other hand, w starts and ends with
different a;. This shows n = 2 and after conjugation w has the form w = aja? with j # k. It follows
that 0 (w) = a"t"~F. As in the case i # 0, it follows that 6,,(0;(w)P) € A with 1(0,,(0x(w)P)) < 1 for
m =0,...,p—1 (at this point we had not yet used induction). Thus Gm(ﬁk(wpz)) = 1 and Qk(wpz) € N;.
Swapping the roles of k and j, one obtains 6; (wP’) € Ny. For m ¢ {k,j}, even 0, (w?) = 1 holds. Thus
wh” € N5 as claimed.

Step 3: |G| = .

Assume G is finite. By Reidemeister-Schreier, IV is then finitely generated. In particular, N = N, for
some n € N. We define v := [a1,a] € A and v 1 = [vg,a] € A for k > 0. Then 6y(vg) = [t,a] = ara™!
and fp(v1) = [a1a™!, a] = vg. Inductively it follows that fg(vgy1) = vi, for k > 0. By [Lemma 11.10L all
v; have infinite order, because their reduced form starts with a; and ends with a=*. Let r > 0 with
vl € Na. Then 6y(v))) = (a1a~!)" € Ny and one obtains (ta™1)" = p(a;a=!)" = 1. This shows p | r. It
follows that

1= ((m_l)p)r/p = ((at_l)p)fw/p = (agap_1 --.a1)""'P

and r = 0. We have thus proven (vg) N No = 1. Now let inductively (vg—1) N Ni41 = 1 and v}, € Niqo.

Then v;_; = 6o(vg)" € Npy1 and 7 = 0. Thus (vy) N Npye = 1 for all & > 0. On the other hand,

l(vn) ..
4 € N = N, = N,42 by Step 2. Contradiction. O

Definition 12.3. For d,e € Nlet B(d,e) := Fy/{g° : g € Fy) be the Burnside group with d generators
and exponent e. The Burnside problem (II) is equivalent to |B(d,e)| < oo for all d,e € N.

Theorem 12.4. For d,e € N it holds that
(i) B(1l,e) = C..
(ii) B(d,?2) = C4.

Sdfl

(ii) |B(d,3)| < 33",

Proof.
(i) Trivial.

104



(ii) Every group of exponent 2 is abelian. According to Burnside’s basis theorem, C’g is the largest
elementary abelian group with d generators.

(iii) Induction on d: The case d = 1 follows from (). Let d > 2 and G := B(d, 3) = (z1,...,z4). By in-
duction, H := (1, ...,x4_1) has order < 33977 Every g € G has the form g = hya ' ho ... 2 hyyr - ..
with ¢; € {£1} and h; € H. Because exp(G) = 3, it holds that

+1

T yx:l:l _ yfla:?lyfl x:tlyx$1 _ yfla:?lyflx:l:l

for all z,y € G. Thus g = hixghaz; ' hs holds with hy, ho,hy € H. It follows that |G| < [H[? <
33d_1_ O

1

Definition 12.5 (Review GT). For z1,...,z, € G let [x1,x9] := 3311?2.%'1_11'2_ and

[a;l, R ,xn] = [1'17 [x2; ce wrn]]

for n > 3. We set Gl := G and GI¥ := [G, Gl*1] for k > 2.
Lemma 12.6. For G = (X) and k > 1 it holds that G = ([z1,...,x3] : z1,..., 2, € X)GFH,

Proof. The assertion holds for k& = 1 if one interprets [z] = z. Now let the assertion for some k > 1
be already proven. Let N = ([z1,...,Zx41] : @1,..., 2541 € X)GFH < G For ¢ € G and
x1,...,Tpr1 € X it holds that

glzt, . zenlg T = g, 21, wppa][T, - 2e] < GEFIN = N
From this it follows that NV I G. Modulo N, each of the generators x € X of G is permutable with the
generators [z1,...,z;] and g € G¥H1 of G, This shows Gt = [G,GH] < N. O

Lemma 12.7 (LEVI). Let G be a group of exponent 3. Then it holds that
i) [,2,5) = 1 for 2,y € G.
(i) 2.y, 2] = [y, 2, 2] = [z, 2,y]7" fora,y,2 € G.

(i1i) G is nilpotent with class at most 3.

Proof.
(i) Follows from

woyry = (ey)y = (ey) Ty =y ey =0y )T =y ) = ey
(ii) From () it follows that any two conjugates of = are permutable. Thus (x) is abelian. It follows
7! [

“ly, 2w, 2] = [wy, 2] = Vwy, 2] = (°ly, 2]z, 2]) =" ("ly, 2] - V[, 2]) =7 [y, 2] - Y[z, 2].
——

Conjugation with z~! yields
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Now
[,y, 2] = *[y, 2][z, y] = Y[z, @l[z, 2]y, 2][2, 4] = Y[z, 2l [, 2] = [y, 2, 2.

Because of

[xay_l] = [x7yy] = [xay] ’ y[x’y] = [xvy]Q = [way]_l

=2y, 27 = [, 2,9

we have [z,y, z
(iii) From it follows [z,y, z,w] = [z, [y, z, w]] = [z, z, w,y]| and
['T)yvsz] = [337:% [va]] = [J"a [Z,U}],y]_l = [yvxa [Zaw“_l = [?/,9372,10]_1-

For m € ((1,2),(2,3,4)) = Sy and x1,...,z4 € G it thus holds

[Tr(1)s Tr(2)s Tr(3)s Tr(a)] = [21, T2, T3, m]sgn(”).
On the other hand
[z, y, 2, 0] = [2,y, [z, w]] = [[2,w], 2, 9] = [[2, w], [z, y]] = [[z, 9], [z, w] "
o R e R e [ R I
This shows [z,y, z,w] =1 for all z,y,z,w € G and the assertion follows. O

Remark 12.8.

(i) As is well known, every group of exponent 2 is abelian, hence nilpotent of class at most 1. For
p-groups with exponent p > 5, however, there is no longer an absolute bound for the nilpotency
class (provided the group is nilpotent).

(i) For p > 107, OLSCHANSKI proved the existence of infinite p-groups such that every non-trivial
proper subgroup has order p. These groups are called Tarski monsters (like the sporadic monster,
they are simple groups).

(iii) The next theorem improves [Theorem 12.4}

Theorem 12.9 (LEVI, VAN DER WAERDEN). For d > 1 we have ||B(d, 3)| = 34*+5)/6,

Proof. Let G := B(d,3) = (x1,...,24). By von-Dyck there exists an epimorphism G — C¢. Since
G /G’ is generated by d elements, it follows that G/G’ = Cg. According to [Lemma 12.6| the elementary
abelian group G’/GPl is generated by the elements [z, 2;]G! with i < j. This shows |G'/GBl| <
302, According to |[Lemma 12.7L GBl is also elementary abelian with [z,v,2] = [y, z,2] as well as
[z,y, 2] = [z, 2,y] . According to [Lemma 12.6, G!3! is therefore generated by the elements (@i, 25, Tp]
d
3

with i < j < k. Thus |GB| < 36) and |G| < 3% with k = d+ (4) + () = d(d? + 5) /6.

Every element in G has the form
a a b ba— c Cd—2.d—
AR [x1,x2]™2 .. [wg—1, q| 4 21, T2, 23] .. [Tg—2, Tg_1, Tg] P21

with a;, bij, ciji € {0,1,2}. Let us assume that an element g possesses two different factorizations of
this kind. These factorizations must be equal in G/G’, because |G /G’| = 3%. We can therefore assume
g € G'. Because of G C G = 1 (GT-Lemma 3.11), G’ is abelian. By rearranging, one obtains a
non-trivial relation of the form

(21, 22]%2 . (g1, wa)Pd b [z, wo, 23] L [T g, Tg_1, Tg]d2d1d = 1,
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Let 4,7,k € {0,1,2} with b;; # 0 or ¢; j 1, # 0. By setting all other z; = 1, we obtain a non-trivial relation
in B(3,3). If we can show | B(3,3)| = 333"+5)/6 — 37 we would have the desired contradiction. In GAP,
B(3,3) = SmallGroup(3",4487) can be shownﬁ Nevertheless, we provide a theoretical argument.

Let A := (a,b,c,d) = C4 and x € Aut(A) with z(a) = ad and [x,b] = [z,c] = [z,d] = 1. Obviously
23(a) = ad® = a and 23 = 1. In B := A x (z) it holds that

(at12)3 = atlzatls a2t le 2 = o3d%8 = 1.

Thus exp(B) = 3. Let y € Aut(B) with y(b) = bd™!, y(z) = cz and [y,a] = [y,c] = [y,d] = 1.
Since the images of y satisfy the same relations as a, b, c,d, x, y is indeed an automorphism. Because
of y3(b) = bd=3 = b and y3(x) = 32 = z, y has order 3. In C := B x (y) it holds that

(bizly)® = biad - bid ' ad - bidie I = 1.
Thus exp(C) = 3. Finally, let 2 € Aut(C) with ¢/ := 2(y) = a 'y, 2’ := z(x) = b~ 'z, ¢ := 2(c) = cd !
and [z,a] = [z,b] = [z,d] = 1. Because of

1 1

y'(2) = a b ey e = a0 Mdyay e = a0 dexa = a7 b Y deads = 2’

z is indeed an automorphism. As before, z has order 3. In G := C x (z) it holds that
(alebiv e diagdyf )3 = glapiv diefia . gia=kpiv=i gietik gia=ic=ivk-+iaj . 212k ;2 giapiv dic giagiy b ,

— aiabibcicdid . aia—k’bib—jcic-i'jkdid—ic—ibk+iaj X aia—i-kbib—i-jCic—jkdid—f—ic—l—ibk—iaj -1

)

i.e., exp(G) = 3. Since G = (z,y,2) and |G| = 37, it follows that G = B(3,3). O
Theorem 12.10 (SANOV). For d > 1, it holds that |B(d,4)| < occ.

Proof. Let G := B(d,4). Wlog. let d > 2. By induction, H := (1,...,241) is finite. Let y := 223. We
first show that K := (y, H) is finite. The claim then follows by the same argument for K and x4 instead
of H and y. Every g € K has the form g = hiyhs...yh, with hy,..., h, € H. Let n be as small as
possible. Assume n > 2|H| + 3. Then among the elements hghgl, hohy(hshs) ™Y, hahy(hshshr)™1, ...
there are two that are equal, say

hohy...hop(h3hs. .. hopy1) ™t = ho...hos(hs... hosy1) ™!
with r < s < (n —1)/2. Thus
horiohoria - hos(horishoris .. hasi1) ™ H = 1.
Because exp(G) = 4 and y? = 1, it holds that
yhy = h= Yy~ 'y~ = B lyhlyn !
for h € H. We apply this rule to h = hog11 in ¢:
9= hiyhs...hosh3 yhhe 1y .. yhy.

By applying it again with h = h25h531+1, hos_1 is replaced by hzs,l(hzshgsarl)_l = h2371h25+1h2781. After
that, hos_o is replaced by hQS_ghgs(hgs_lhgsﬂ)*l etc. Finally, horyo is replaced by 1. This contradicts
the minimality of n. Consequently, n < 2|H| + 2 and one obtains |K| < oco. O

32For example with OneGroup(37, RankPGroup, 3, Exponent, 3);
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Example 12.11. Let F := Fy and N := (22 : 2 € F). Then |F/N| = 4 and Schreier’s formula shows
N = F5. Therefore M := (22 : 2 € N) has index 32 in N. Since N is characteristic in G, it holds that
M < G. Now G = F/M has order 27, exponent 4 and two generators. This shows |B(2,4)| > 27. The
same argument yields |B(2,8)| > 272"+ = 2136 and | B(3,4)| > 23417 = 220,

Remark 12.12. It holds that |B(2,4)| = 2'2, |B(3,4)| = 2%, |B(4,4)| = 2*?% and |B(5,4)| = 2278,
Hall proved

b

1B(d, 6)| = 21+3°(@-1go+(5)+(3)

with a = d+ (g) + (g) and b = 1+2%(d —1). It is known that |B(d,e)| = oo for all d > 2 and e > 8000
(and all odd e > 557) ]
Definition 12.13.

e Let M be the intersection of all normal subgroups of B(d,e) with finite index and By(d,e) :=
B(d,e)/M. The Burnside Problem (III) is equivalent to |By(d,e)| < oo for all d,e € N.

e Let GG be a finite group and p a prime. We define Ny := 1 and
Nog—1/Nog—2 := Oy (G/Nap_2), Nog/Nop—1 1= Op(G/Nap_1)

for £ > 1. If there exists a k > 0 with N = G, then G is called p-solvable. If applicable, the
smallest number [ := [,(G) > 0 with N1 = G is called the p-length of G.

Remark 12.14.

(i) If G is p-solvable, then the normal series Ny < ... < Nj can be refined to a chief series and
a composition series. Therefore, all chief and composition factors are p-groups or p’-groups. In
particular, every minimal normal subgroup of G is a p-group or a p’-group.

(ii) Obviously, every solvable group is p-solvable for every prime p.

Lemma 12.15 (HALL-HIGMAN). Let G be a p-solvable group with Oy (G) = 1. Then
Ca(0p(G)) < 0,(G).

Proof. Wlog. N := O,(G). Then C¢(N)N/N <G/N. In the case Cg(N) € N, there exists a minimal
normal subgroup M/N < G/N with M < Cg(N)N. Because of O,(G/N) = 1, M/N is a p'-group

(Remark 12.14). By Schur-Zassenhaus, M = N x H. Since Cg(N)N/Cq(N) = N/Z(N) is a p-group,
it follows that H < Cg(N) and M = N x H. But then H < Oy (M) < Oy (G) = 1. O

Theorem 12.16. Let G be p-solvable and c, the nilpotency class of a Sylow p-subgroup of G. Then
I,(G) <ec.

Proof. Induction on ¢: In the case ¢ = 0, G = Oy (G) and [,(G) = 0. Now let ¢ > 0 and P € Syl,(G).
Wilog. let O,/(G) =1 and N := O,(G) > 1. By Hall-Higman, Z(P) < Cg(P) < Cg(N) < N. The
Sylow p-subgroup

PN/N = P/P (N & (P/2(P))/(N ( P)/Z(P))

of G/N thus has nilpotency class < ¢ — 1. By induction, I,(G) = 1,(G/N) +1 < c. O

333ee https://arxiv.org/abs/2303.15997v5
34Magnus commented on the first work of this kind as “This paper is possibly the most difficult paper to read that has
ever been written on mathematics.”
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Theorem 12.17. For d > 1, |By(d,6)| < |Bo(d,12)| < occ.

Proof. Since By(d,6) is a factor group of By(d,12), it suffices to show |By(d, 12)| < co. Let G be a
finite group with d generators and exponent 12. According to Burnside’s p®q’-theorem, G is solvable.
A 3-Sylow subgroup P of G has exponent < 3 and nilpotency class < 3 according to [Lemma 12.7]
According to [Theorem 12.16| I3(G) < 3. Solet 1 = Ny < ... < Ny = G be as in |Definition 12.13|
Then G/Ng is a 2-group with d generators and exponent < 4. According to [Theorem 12.10} |G /Ng|
is bounded by a function in d. According to Reidemeister-Schreier, the number of generators of Ng
is bounded by a function in d. Furthermore, Ng/N5 has exponent < 3. According to ,
|Ng/N5| is also bounded by a function in d. Continuing in this manner, one obtains an upper bound
for |G|. O

Remark 12.18. Hall and Higman showed that one can estimate the p-length of G by a function in
the exponent of a p-Sylow subgroup of G. With the help of the CFSG, the question |By(d,n)| < oo can
now be reduced to the case where n = p* is a prime power. Zelmanov finally proved |By(d,p*)| < co.

Definition 12.19. Let G = (x1,...,z,). We recursively define a set of basic commutators ci,ca,. ..
as follows:
e Fori=1,...,n,let ¢; := x; be the basic commutators with weight w(c;) := 1.
e Let the basic commutators ci,...,c; be already defined. For 1 < i < j < k, ¢ := [¢,¢4] is
a basic commutator if either w(cj) = 1 or ¢; = [cs,¢] with ¢ > s holds. If applicable, let

w(c) == w(e) +w(cj).

e The basic commutators are numbered increasingly by weight, where the order of the commutators
with the same weight does not matter.

For k € N, let 6,,(k) be the (finite) number of basic commutators with weight k. Here, basic commutators
are considered distinct even if they represent the same group elements (e. g. if G is abelian). We show
in [Remark 12.31| that in the free group G = F},, basic commutators are indeed pairwise distinct.

Example 12.20. Obviously, 6,(1) = n and 6,(2) = (}) hold. For n = 3 and (1, 22, 23) = (z,y, 2),

Ty, 2, [, 9], [, 2], [y, 2], [, 2,9, [, 2, [y, 2,0, [y, 2 20, [y, s 20, (25 2, ), 2, 2, 2], (2,9, 2]

are the basic commutators with weight < 3. Thus, d3(3) = 8 holds.

Theorem 12.21. Let G = (x1,...,x,) and k € N. Then GIFl /G is generated by the cosets of the
basic commutators with weight k.

Proof. For k = 1, the claim is clear because Gl = G. Let the statement already be proven for k — 1.
By definition, G*! is generated by the commutators [g, k] with ¢ € G and h € G*~1. Because of
GH /g1 < 7(G /G it holds that

[wy, h] = *[y, h][w, h] = [z, h][y,h] (mod GIFH),
271 A = [z Y, Azt A7 = [x_l,h]([:c, h][as_l,j])_l = [z,h]™' (mod GUH-H)

for all x,y € G. We can therefore assume g = z; = ¢; with 1 <4 < n. By induction, there exist basic
commutators ¢j,, . .., ¢;, with weight k—1 and &’ € G with h = ¢j, - - cj,h'. It now holds analogously

lg,h] = [g’cjl] e [g,leHg, h/] = [g,le] - [g,cjl] (mod G[k+1])_
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We can thus assume h = ¢;. In the case k = 2, either [¢;, ¢;] or [¢;, ¢;i] = [, ¢j] 7! is a basic commutator.

Solet k > 3 and ¢; = [cg, ¢;] with s < t. In the case i > s, [¢;, ¢;] is again a basic commutator. Therefore,
let i < s < t. The Hall-Witt identity (GT-Lemma 3.6) simplifies to

1=0 [ci,cs_l,ct] Lot [cs,c;l,ci] . G [Ct,C;l,Cs] = [ci,cs_l,ct][cs,c;l,ci][ct,c;l,cs] (mod G[kﬂ}).
There exists a z € G* with [c;!, ¢;] = [cs, ]2 and
lcives el = [ei[es, ] ] = [es ] (mod G,
Because of [Gl4, GI] < Gle+t] (GT-Lemma 3.11), one analogously obtains
[cs,ct_l,cz-] = [cs, [ct,ci]*l] = [cs, ¢iy ) (mod GUCH])
and [cr, ¢; Y, es] = [c, ciycs] ™ (mod G, Overall,
[ci, ¢j] = [es, ci, elller, ciyes) ™ (mod GIFFY),

Let ¢, = [¢;, ¢¢] and ¢, := [¢;, ¢5]. Because of w(c,) = w(c) + 1, it holds that s < ¢ < u. Therefore,

[cs,Ciyet] = [es,c] is a basic commutator. In the case t < v, [¢t,¢,¢5] = [er,¢0] is also a basic
commutator. In the case t = v, [¢;,¢,] = 1. Thus, the case t > v remains. Let ¢; = [cy, ¢y]. Since
¢j = [cs, ¢] is a basic commutator, s > w holds. Because of w(c,) = w(cs) +1, it holds that v > s > w.
This shows that [c¢, ¢,] ™t = [¢y, ;] is a basic commutator. O

Corollay 12.22. Fvery nilpotent group that is generated by finitely many elements of finite order is
finite.

Proof. Let G = (x1,...,x,) be nilpotent with elements x1,...,x, of finite order. Then |G/G’| < oc.
Inductively, we can assume e := |G/GH| < co. Wlog. let GI**1 = 1. According to [Theorem 12.21}
G is generated by finitely many commutators. From GT-Exercise 18, it follows that

[z,9]° = [2%,y) € GFH =1

for all [z,y] € GI¥l < Z(@). Thus, GI¥! is also finite. O

Remark 12.23. The proof shows: If a nilpotent group G is generated by finitely many p-elements,
then G is a p-group.

Lemma 12.24. Let c¢1,ca,... be the basic commutators of G = (x1,...,x,). For all k > 1 there are
ezactly n* sequences (ay,as,...) € N° with a1 > az > ... and Yas1w(ca) = k.

Proof. For s € N let Fy be the set of all sequences (a1, as,...) € N§°, such that:
(i) There exists an [ € Ng with a1,...,a;-1 > s, a; > 8, s > aj41 > aj19 > .. ..
(ii) If ¢4, = [ci,cj] for an m <[, then i < s.

(ii)) > 2g,>1 w(Ca;) = k-
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If s is large enough, then w(cs) > k. If necessary, [ = 0 in (i) and provides no restrictions. Therefore,
F consists exactly of the sequences we want to count. For s = 1 it holds that w(c,,) = 1 for all ¢ € N.

According to , then ay > 0 = ag41 = ag4+2 = .... Otherwise, there are no further restrictions on
the sequence. Because of a; € {1,...,n} it follows that |F}| = n*.

For a given s > 1 it suffices to construct a bijection ¢: Fy — Fsi1. Let a := (a;) € Fs and [ as in
. We traverse the sequence from right to left starting at a;. If we encounter a pair (a;, a;+1) = (s,1)

with ¢ > s, then ¢; := [cs, ¢] is a basic commutator according to . We replace (a;,a;+1) by j if
necessary. This does not change . Subsequently, we consider the pair (a;—1,7) and iterate. The
sequence constructed in this way is denoted by ¢(a). By construction, ¢(a); > s+ 1 fori =1,...,1.
In the case p(a); = ... = p(a); = s+ 1, () holds with [ = 0 with respect to s+ 1. Otherwise, () holds

with [ := max{i : a; > s + 1}. By construction, ¢(a) also satisfies (ii). Therefore, p(a) € Fsi1.

Conversely, let (b;); € Fsy1 with [ as in be given. We traverse b from left to right starting at by. If
cy; = [cs, ] for an i <[, we replace b; by the pair (s,t). Subsequently, we consider ¢ or ¢; respectively.
This process must end after finitely many steps because of ij>1 w(cp;) = k. The final result is denoted
by 1(b). Obviously, ©(b) € Fg and the maps ¢ and v are inverse bijections to each other. O

Lemma 12.25. For k € N it holds that

> Su(d)d =

dk

Proof. Let Si, be the set of sequences (a1, ag,...) € N§ from [Lemma 12.24] If a basic commutator c¢;
occurs exactly ¢ times in (a;); € S, then it contributes tw(c;) to the sum >, o  w(cq;) = k. Let Ky
be the set of basic commutators with weight w. From [Lemma 12.24] one obtains an identity of formal

power series:

o o
1-X0)70n) = T+ X + X2 4+ )@ = TT [ @+ x4 + x> 4 )

1 w=1 cEKw

(14 xwle) 4 x2le) 1+ Z Z xF — anXk —nx)L
k= 1(az)esk

3

w=1

g
I

L

@
Il
—

We apply the formal logarithm log(1 — X) := —>"77 %Xk to both Sidesﬁ

Z? = —log(1 —nX) = Z w)log(1—X*)=>"Y" X :ZZTX
k=1 w=1 w=1 k=1 k=1 d|k
A comparison of coefficients shows the claim. O

Theorem 12.26 (WiTT’s formula). Let G = (z1,...,x,) and k € N. Then G¥/GF+1 4s generated

by
1
=% Z pu(d)n*/?
dlk

elements. Here i is the Mébius function from number theory.

35See |Combinatorics notes
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Proof. According to [Theorem 12.21) GI¥l/GIF+1 is generated by the d,(d) basic commutators with
weight k. The formula for 6, (d) follows by Mdobius inversion from [Lemma 12.25 O

Remark 12.27. We show next that the estimate for the number of generators of GI*/GIF+1 in
[Theorem 12.26]is optimal for the free group.

Definition 12.28.

o Let M = (Xj,...,X,) be the monoid of all monomials X;, ... X;, with & > 0 and 1 <
i1,...,1k < n in the non-commuting variables X1, ..., X, with respect to concatenation (i.e.,
the free group without inverses).

e Let R be a commutative ring and A := RM the free R-module with basis M. By extending the
concatenation distributively, A becomes a ring. For example,

(1+ XoX2)(X1 4 X3X3) = X1 + X0 X3P + X3 X0 + X0 X2 X3X,.

One calls A the free algebra over Xy, ..., X,.

o Let deg(X;, ... X;,) := k be the degree of a monomial. Let Ay be the free R-submodule of A
generated by the monomials of degree k, i.e., Ay consists of all homogeneous polynomials of degree
k. Obviously, rk(Ay) = n* and A = Di>o Ak

e The commutator of a,b € A is [a,b] := ab — ba. The basic commutators in A are defined anal-
ogously to [Definition 12.19| Instead of ¢; we write C;. For n = 2 and (X3, X2) = (X,Y), for
example,

Cy=[C1,C3) = X[X,Y] - [X,Y]X = X(XY - YX) - (XY - YX)X = X?Y —2XYX +YX?
(cf. [Example 12.20)).

Lemma 12.29. For all k € N,

WE

By = {C’al...Ca meN, ap > ... > an,

w(eq;) = kz}

m

=1

18 a basis of Ay. In particular, the basic commutators with weight k are linearly independent over Z.

Proof. One easily sees inductively that a basic commutator with weight k lies in Ag. Therefore By C Ay
holds. According to |Br| = n* = rk(Ay). We first show that By is a generating system
of Aj. For this, we consider the sets Fy from the proof of If s is large enough, then
By, consists exactly of the products Cy, ...C,,, with a = (a;); € Fs (zeros are removed from the
sequence). On the other hand, F; corresponds exactly to the monomials Xj, ... X, . It is therefore
sufficient to show that one can express C' := Cy, ...C,,, with a € F; by a linear combination of
Cp, ...Cy_, with b € Fyy1. As in the proof of we traverse the sequence a from right to
left. If (a;,a;y+1) = (s,t) with t > s, we replace CsC} in C by the equivalent expression [Cy, Cy] + CCs.
With C; = [Cs, C], it holds that

C=Cay-..Ca; ,CiCusry - Cap + Cay .. Carr,Cay ... Cay.

142 °

With the first summand, we proceed as before. In the second summand, C,; = Cs has moved to the
right. The corresponding sequence still lies in Fs and can be treated like the initial sequence. After
finitely many steps, one reaches a linear combination of Cy, ... Cy , with b € Fyi1.
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Thus By, is a generating system of Ak There is therefore a matrix M € R**"" such that the map
P R — A, R"k, v — Muv is surjective. For the i-th standard basis vector e; € R"k, there exists
an x; € R™ with Mx; =¢;. Let L € R™*"" be the matrix with columns Ty ..., Xpk. Then ML =1, &
and det(M) € R* holds. For the matrix M* complementary to M, one obtains det(M ) *M*M = 1,.
This shows that ¢ is injective. Thus By is linearly independent. O

Definition 12.30. As before, let A := R(X1,...,X,). Let I := Ay := >, A; be the ideal in A
generated by Ayy1. Let A:= A/I and A:= (1+ Asq+1)/I C A.

Remark 12.31. For a =1+ a7 + I € A, it holds that
a(l—ay+adF...xadf+ ) =1+a" 4 17=1.

Therefore A < A™.

Theorem 12.32. Let F be the free group of rank n and k € N. Then F[k]/F[kH] is a free abelian
group of rank 6, (k).

Proof. Let F be free w.r.t. x1,...,2,. We consider A = Z(X;,...,X,) with R = Z. By the universal
property of F, there exists a homomorphism ¢: F' — A with ¢(z;) =1+ X; + I. We show

p(c)) =1+ C; (mod Asye,))

i

for every basic commutator ¢;. This is clear for w(c;) = 1. Let w; = w(¢;) and w; = w(cj). By
induction, there exist €;,€; € As,, and €, e;- € Asy; with o(c;) =1+ Ci + ¢, o)) 1=1-C; +€,

¢(cj) =1+ Cj+¢j and p(c;) " =1 - Cj + € (Remark 12.31)). From
1= gO(Ci)(p(Ci)il = (1 +C; + ei)(l - C; + 6;) =14¢+ 6; — Cl2 + Cﬁ; —C; + 61'6;
it follows that

o(lei ) = (14 Ci+ &)1+ Cj +¢5)(1 = Ci + €)(1 = Cj + €))
= 1+C¢+Cj—CZ‘—CJ‘—FE,'—FE]‘-FG;—FG;—FCZ‘C]'—CiCj—CjCZ‘-i-CiCj
— C? + Ciel — €,C; + €€ — C']2 + Cje; — €;C + eje; (mod Asy, ;)
=1+ [Ci’ Cj] (mOd A>w([c¢,cj]))7
as claimed. This implies @(F¥+1) = 1. Let ¢;,,..., ¢ be the basic commutators of F' with weight

k. By [Theorem 12.21) FI¥/FFE+H s generated by ¢, FFtY, . ¢; FIEHU Let ay,...,am € Z with
g=cil...cim € F¥+1] Then

l=p(g)=0+C)"...(1+C;,)" =1+ a1Cy + ...+ anCi, .

From |Lemma 12.29| it follows that a1 = ... = a,, = 0. Thus cilF[k"H], .. .,cz-mF[kH] is a basis of

F[k]/F k+1 ] 0

Remark 12.33. By [Remark 2.10, F} is free with (countably) infinite rank. Therefore F3/F) is not
finitely generated.

36GSince R is in general not a field, linear independence does not follow automatically.
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Corollay 12.34. The free nilpotent group Fn/FJLkH] of rank n and nilpotency class k is torsion-free.

Theorem 12.35. For every prime power q = p°, the following holds:

(i) There exists exactly one group P with n generators, exponent q, nilpotency class p — 1 and
Pl ple+1] = an(k) fork=1,....p—1.

(i) There exists a group P with n generators, exponent q and nilpotency class ¢ — 1, such that
PW/PEY has rank 6, (k) fork=1,...,q— 1.

Proof. Let F be the free group with generators 1, ...,2,. Let N := (¢g?: g€ F) < F and F := F/N.

(i) We consider A := R(Xy,...,X,) with R = Z/qZ. In the definition of A, let k£ < p. For 14+a € A,
it then holds that

(1+a)q:1—|—qa—|—<g>a2+...+<z>a”+...:1.

For the mapping ¢: F' — A, x; — 1+ X; + I from the proof of [Theorem 12.32], it thus holds that
@(N) = 1. The cosets of the basic commutators ¢;,, ..., ¢, € F with weight k form, as before, a
generating system of F[ }/F[kﬂ] Let a1,...,am € R Wlth g = c cm e NFFE+ Then, as
before, ¢(g) =1 and a; = ... = a,, = 0. This shows that F[k]/]*"[lﬁ_1 = F[k]N/F N is a free
R-module with rank (5n(k) Thus P := F/F[p] >~ F/NF! has the desired properties.

Conversely, let () be a p-group with the specified properties. Then there exists an epimorphism
o: F — Q with NFP! < Ker(o). In particular, |[P| > |Q|. From

QI = 0 Emb — )

it follows that Q) = P.
(i) This time we consider A = Fp(X1,...,X,) and k < ¢ in the definition of A. For 1 +a € A, it

still holds that .
(1+a)!= ;0 <Z>ak =

because of (Z,) = 0 (mod p) for kK = 1,...,q — 1. One thus again obtains a homomorphism
p: F — A with ¢(N) = 1. Since the basic commutators with weight % are linearly independent
over F, i /FUHH has rank 6, (k) (but not necessarily exponent ¢). To show that P := F/F[q] =
F/NF4 has exponent ¢, we consider an epimorphism t: F — Cy. Because of )(NF') = 1, we
have P/P'= F/F'N = Cy. O

Remark 12.36.

(i) [Theorem 12.35 shows lim;, , log, |B(n,p)| = oo for n > 2. For the group P from
rem 12.35([i), more precisely, it holds that

q—1 q—1 1 q— 1,u(d (g— 1)/dJ
log, |[P| =) " dn(k) = Zgzu(d)nk/d =D
k=1 k=1" dlk d=1 e=1

(ii) As is well known, every group with exponent 2 is abelian, i.e. the nilpotency class is < 1. Thus,
[Theorem 12.35] cannot be transferred to higher nilpotency classes.
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(ili) Let p = ¢ > 2 and P be the group from [Theorem 12.35(f]). Then P/PPl is a maximal Schur

extension of Cy (Example 5.21]).

(iv) In |Theorem 12.35|, Pl / P+ does not necessarily have exponent ¢. In fact, there is no group
with two generators, order 25, exponent 4 and nilpotency class 2:

OneGroup (2~6,RankPGroup, 2,Exponent ,4,NilpotencyClass0fGroup,2) ;

Example 12.37. For ¢ € {3,5} one obtains |B(n,3)| > 3n+(3) = 3("3) (cf. [Theorem 12.9) and

|B(2,5)] > 52+H1+2+3 = 58 In fact, |Bo(2,5)| = 534 holds (without proof).

Remark 12.38. Uniquely determined groups with certain properties as in [['heorem 12.35| will be
constructed more generally in [Theorem 13.29]

13 Group Classes and Varieties

Definition 13.1. A class X of groups is called a group class,if l e X and G2 H € X = G € X. The
elements of X’ are called X-groups or groups with property X. A group G is called a residual X -group,
if for all g € G\ {1} there exists an N <G with ¢ ¢ N and G/N € X. The residual X-groups form
the group class A".

Remark 13.2. Obviously, G € A" if and only if (\y<g N = 1. If applicable, G is isomorphic to a
NeX
subgroup of X yag G/N. If {G; : i € I} is an arbitrary family of groups, then H < X, ; G; is called

NeX
a subdirect product, if the projection of H onto each G; is surjective.
Theorem 13.3. Let X be a group class. Then X" consists exactly of the subdirect products of X -groups.

Proof. According to every residual X-group is a subdirect product of X-groups. Con-
versely, let H < X ,.; G be a subdirect product of X-groups G;. Let m;: H — G be the projection
and K; := Ker(m;) < H. By assumption, H/K; = G; € X and (,c; K; = 1. O

Example 13.4. If X is the group class of abelian groups, then X" = X.

Theorem 13.5 (IWASAWA). Ewvery free group is a residually finite p-group for every prime p.

Proof. Let a = 27" ... 2% € Fx \ {1} with z; # z;1; and a1,...,a, € Z\ {0} as in|Corollay 1.9 Let
q be a power of p that does not divide aj . ..a,. Let Ey € Z/qZ"TD*(+1) be the matrix with a 1 at
position (s,t) and zeros otherwise. For x € X let

o(x):= H (Lys1+ Eiit1) € GL(n+1,Z/qZ).

1<i<n
;=T

Obviously G := (o(z) : * € X)) consists of upper triangular matrices with ones on the main diagonal.
Therefore G is a finite p-group. By the universal property, o extends to a homomorphism ¢: F — G.
Because of FgEy, = 01y Fsy and x; # x;41, the factors of o(z) are pairwise commutable. This shows

o) = [] Qnsr+Ejjr)® = J] Qnir +aiBjjin) = Lo +ai > Ejjpa.

a:j:mi :rj:xi xj:xi
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From this it follows that

E(a) = O'(l’l)al ce O'(l’n)a” =1lp41+ar... anELnJrl + ... 75 1n41- O
Corollay 13.6 (MAGNUS). Every free group is residually nilpotent.

Remark 13.7. For every non-abelian free group F, it holds that FI?l = N> FIF =1 and Z(F) = 1.
The ascending and descending central series thus behave completely differently.

Lemma 13.8. Let G be a finitely generated group. Then:
(i) For every n € N, G possesses only finitely many subgroups with index n.

(1)) (HALL) If H < G with |G : H| < oo, then there exists a characteristic subgroup K < G with
K <H and |G: K| < cc.

Proof.

(i) Every subgroup H < G of index n induces a homomorphism G — S,, with kernel Hg. Since G
is finitely generated, there exist only finitely many such homomorphisms. Because of Hg < H,
there are also only finitely many possibilities for H given Hg.

(ii) By (), {(H) : @ € Aut(G)} is finite. Then the characteristic subgroup K := Nacaut(c) ¥(H)
has finite index. O

Theorem 13.9 (BAUMSLAG). If G is finitely generated and residually finite, then Aut(G) is also
residually finite.

Proof. Let a € Aut(G) \ {1} and g € G with a(g) # ¢. Then there exists N <G with |G : N| < oo and
a(g)g~t ¢ N. According to the characteristic subgroup M := m,BEAut(G) B(N) has finite
index in G. For A := Cpy(q) (G/M) I Aut(G), it therefore holds that [Aut(A)/Al < [Aut(G/M)| <
oo?!. Obviously a ¢ A. O

Definition 13.10. A group G is called Hopfian, if G is not isomorphic to any proper factor group of
G. This means that every epimorphism G — G is an automorphism.

Example 13.11. Obviously all finite groups and all simple groups are Hopfian. For dimension reasons,
all vector spaces are also Hopfian. On the other hand, C}' is not Hopfian.

Theorem 13.12 (MAL'CEV). Every finitely generated residually finite group is Hopfian.

Proof. Let ¢: G — G be a non-injective epimorphism. Let g € Ker(y) \ {1}. Since G is residually
finite, there exists an N <G with g ¢ N and |G : N| < oco. Since G is finitely generated, there are only
finitely many homomorphisms 71,...,7v,: G — G/N. Let 1 be the canonical epimorphism. From the
surjectivity of ¢ it follows that {y1,..., 7%} = {710,...,me}. Thus let 1 = yx¢. Then one obtains
the contradiction 1 # gN = v1(g9) = vk(p(g)) = (1) = 1. O

Corollay 13.13. FEvery free group with finite rank is Hopfian.

Proof. Follows from O
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Corollay 13.14. Let F be free of rank n < oo and let F = (Y) with |Y| = n. Then F is free with
respect to Y.

Proof. Let F = Fx. An arbitrary bijection X — Y C F extends to an epimorphism o: F — F.
According to Mal’cev, o € Aut(F). Let GG be a group and 7: Y — G. Then the map 70|y extends to
a homomorphism 7: F — G. Finally, yo~!: F — G is an extension of 7. Because of F' = (Y), this is
the unique extension. Thus F satisfies the universal property with respect to Y. O

Theorem 13.15. FEvery finitely generated residually nilpotent group is Hopfian.

Proof. Let G be finitely generated and residually nilpotent. By assumption, ()5, G =1 and by
M the factors GI¥ / G 1] are finitely generated abelian groups. Assume G = G /N for some
1# N <G. Let k € Nwith N € Gl and N ¢ GIF+1. Then

GGl = (g /N /(G /N = Gl Gy = (GTE Gl /(GI N Gl

By the fundamental theorem of finitely generated abelian groups, G¥! /G (k+1] is Hopfian. Contradiction.
O

Theorem 13.16 (HALL). There exists a finitely generated solvable group that is not Hopfian.

Proof. Let R be the ring of all numbers of the form a2® with a,b € Z and N the group of upper 3 x 3
triangular matrices with ones on the main diagonal and elements from R. We set

1 10 1 00 1 01
u:=101 0),v:=({0 1 1), w:=(10 1 0
0 01 0 01 0 01

Furthermore, let ¢ be the diagonal matrix with diagonal (1,2, 1). Finally, we define H := (¢, N).

1 a O
We first show H = (t,u,v). Obviously u® = [0 1 0] for a € Z. Because of
0 0 1
1 0 0\ /1 a O\ /1 0 O 1 0 0\ /1 a27' 0 1 a2 0
twtt=10 2 of(o 1 0][0o 27t o]=0 2 oo 27 ol=[0 1 O
0 01 0 0 1 0O 0 1 0 01 0 0 1 0 0 1
1 a O 1 0 0
we have |0 1 0| € (t,u,v) for all a € R. Analogously, | 0 1 a | € (t,u,v) for all @ € R. Finally,
0 0 1 0 0 1
1 a O 1 —a 0 1 a O 1 00 1 —a O 1 0 O
01 0Jvfo 1 o]Jot=(0 1001 1|0 1 o)Jf0 1 -1
0 0 1 0 0 1 0 0 1 0 01 0 0 1 00 1
1 a a 1 —a a 1 0 a
=10 1 1 0 1 —=1|=101 0] €{tu,v)
0 1 0 O 1 0 01
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for all a € R. For a,b,c € R we also have

1 a ¢ 1 00 1 a O 1 0 ¢
01 b]=[010b|(0 1 0]|0 1 0]e€/tunv).
0 0 1 0 0 1 00 1 0 0 1
This shows H = (N,t) C (t,u,v) C H.
Because of
1 00 1 a ¢ 1 0 0 1 00 1 a27! ¢ 1 a27t ¢
0 2 0 0 1 b 0 22 o)l=10 2 0 0o 27! vl=[0 1 B2)|eN
00 1 00 1 0 0 1 001/ \0o 0 1 0o 0 1

we have N < H = N(t) and obviously N N (t) = 1. Now we consider the map f: H — H with

1 a ¢ 1 a 2
fllo 1 oftd)l=10 1 v2]¢?
0 0 1 0 0 1
for a,b,c € R and d € Z. We show that f is an endomorphism:
1 a1 1 as co 1 a4 1 a22*d1 (&)
fllo 1 o)t lo 1 b|t2l=f110 1 b o 1 by2dr | pdate
0 0 1 0 0 1 0 0 1 0 1
1 a22*d1 +a; co+ alele + 1 1 as2™ d + a1 (02 + a1b22d1 + 61)2
=fllo 1 bo2h + by tdrtdz 1 (bo2% + b1)2 g tdz
0 0 1 0 1
1 ar 12\ [1 a2™h 2 1 a1 c12 1 as c22
=10 1 b2]|0 1 bpp2datl|phitdz = 0 1 b12 0o 1 b2 t®
0 0 1 0 0 1 0 0 1
1 ar C 1 as Co
=fl(0 1 bufth)F{(0 1 bo]et®
0 0 1 0 0 1

Obviously f is also bijective. Because of

1 10 1 01 1 11 1 01 1 10
uvw= (0 1 0 01 0)J]=1010=({01S20 01 0] =wu
0 01 0 01 0 01 0 01 0 01
1 00 1 01 1 01 1 01 1 00
vw= |0 1 1 01 0)J]=1011|=({0120 01 1| =wv
0 01 0 01 0 01 0 01 0 01

we have w € Z(H). In particular, (w) <H. The automorphism f now induces an isomorphism H/(w) =
H/(w?). Thus G = H/{w?) is a finitely generated group that is not Hopfian. Since H/Z(H) is abelian,
H is solvable. O

Definition 13.17. Let w = w(zy,...) € W C Fx. For a group G and g¢1,... € G, let w(g1,...) € G
be the element that arises by replacing z; in w with g; (only finitely many x; appear in w). One calls

W(G) = (w(g1,...) :weW,g1,... € G)

the verbal subgroup with respect to W.

118



Example 13.18. For W = {[z,y]}, one obtains W(G) = G".

Remark 13.19. For every homomorphism f: G — H, it holds that f(W(G)) < W(H), d.h. verbal
subgroups are fully invariant.

Theorem 13.20 (NEUMANN). Every fully invariant subgroup of a free group is verbal.

Proof. Let F' = Fx and H < F be fully invariant. Let w = w(z1,...) € H and y,... € F be arbitrary.
Then there exists an endomorphism «: F — F with a(z;) = y;. It holds that w(yi,...) = a(w) € H.
Thus H = W (H) is verbal. O

Definition 13.21. Let again W C F' = F'x. A normal subgroup N of a group G is called W-marginal
if

w(g1y .-, Gia, Git1,--.) = w(g1,...)
forallwe W, g1,... € G, i € N and a € N. This is equivalent to

’LU(gl, .. ) = w(hl, .. )

for all g1,h1,... € G with g; = h; (mod N) for i € N. The subgroup generated by all W-marginal
normal subgroups is called the W-marginal subgroup W*(G).

Remark 13.22. Obviously, W*(G) itself is W-marginal. For W = {[z,y]}, it holds that W*(G) =
Z(@Q), because

geW*(G)=VYheG:lg,hl=[lg,h] =[1,h] =1= g € Z(G) = g € W*(G).
Lemma 13.23. It holds that W(G) = 1 if and only if W*(G) = G.

Proof. From W(G) = 1, it certainly follows that W*(G) = G. Now let W*(G) = G and g¢1,... € G.
From ¢g; =1 (mod G), it follows that w(gi,...) = w(1,...) = 1. This shows W(G) = 1. O

Definition 13.24. A class of groups X is called a wvariety, if there exists W C Fx with X = {G :
W(G) = 1}. If applicable, one writes X = X' (W).

Example 13.25. The abelian groups form the variety X'([x, y]). The elementary abelian p-groups form
the variety X ([z,y],2P). The groups whose exponent divides n form the variety X (z™) etc. The next
theorem implies that the solvable groups of derived length < n form a variety.

Theorem 13.26 (BIRKHOFF). A class of groups X is a variety if and only if X is closed under taking
quotient groups and subdirect products.

Proof. Every variety is closed with respect to subgroups, factor groups, and (sub)direct products. Now
let X be a class of groups that is closed with respect to factor groups and subdirect products. Let
W C Fx be maximal with W(G) =1 for all G € X. Then X C X(W). Conversely, let G € X(W).
For each w € Fx \ W, we choose H(w) € X with w(hi,...) # 1 for certain hy,... € H(w). Let Y be
a set that is at least as large as G and all H(w) (for example Y = G UJ,, H(w)). Then there exist
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isomorphisms Fy /N = G and Fy/K(w) = H(w) € X with w(y1,...) ¢ K(w). For each w € Fy \ N,
there exist g1,... € G with w(gy,...) # 0. Because of G € X(W), it follows that w ¢ W. We set

K:= () K(w)dFy.
’UJEFy\N

Then Fy /K is a subdirect product of the X-groups H (w). By assumption, Fy /K € X. For w € Fy'\N,
we have w ¢ K (w), in particular w ¢ K. Thus K C N and G = Fy /N = (Fy/K)/(N/K) is a factor
group of an X'-group and thus G € X'. This shows that X = X'(W) is a variety. O

Corollay 13.27. If a class of groups is closed under the formation of factor groups and subdirect
products, then it is also closed under the formation of subgroups.

Definition 13.28. Let X be a variety. A group F' € X is called X'-free with respect to X C F' if for
every X-group G and every mapping o: X — G, there exists exactly one homomorphism ¢: F — G
with o(z) = o(z) for all z € X.

Theorem 13.29. Let F = Fyx be a free group and X = X (W) a variety with W C F. Then F :=
F/W(F) is X-free with respect to X := {zW(F) : x € X} and every X-free group with respect to X is
isomorphic to F.

Proof. Let G be an X-group and o: X — G. We define 7: X — G by 7(z) := o(zW (F)) for z € X.
Then there exists exactly one homomorphism 7: F — G with 7(z) = 7(z) for x € X. Because
of G € X, we have T(w) = 1 for all w € W(F). One obtains a homomorphism &: F — G with
oW (F)) = 7(x) = 7(x) = o(zW(F)) for x € X. Because of F = (X), & is uniquely determined by
the images of X.

Let H also be X-free with respect to X. Then id% can be extended to homomorphisms ¢: F - H
and ¢: H — F. As usual, it follows that ¢ is an isomorphism. OJ

Remark 13.30. In contrast to free groups, there does not exist an X-free group with respect to X
for every set X. For X = X (z) = {1}, for example, every X-free group is trivial.

Theorem 13.31. Let X be a variety. Then every X -group is isomorphic to a factor group of an X-free
group.

Proof. Let G € X = X(W) with a minimal generating system X. Let F := Fy and X := {aW (F) : x €
X} as in|[Theorem 13.29| Let z,y € X with 2 =y (mod W (F)). Then y~!z € W(F). From W(G) = 1

it follows that z = y. Therefore |X| = | X| holds and there exists a bijection o: X — X C G, which
extends to an epimorphism F' — G. The claim follows from [Theorem 13.29) O

Theorem 13.32 (ENGEL). Let x1,...,x, € X with xx—1 # x. Then every finite group G €
X([z1,...,z]) is nilpotent.
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Proof. Let G be a minimal counterexample. Then every proper subgroup of G is nilpotent. According
to Schmidt, G = P x @ with P € Syl,(G) and Q € Syl (G). Assume ®(P) # 1. Then G/®(P) is
also nilpotent. Because of ®(P) < ®(G), then G/®(G) and G would be nilpotent. Thus ®(P) = 1,
d.h. P is elementary abelian. For z € Pand y = y1 = ... = yp—1 € Q \ {1}, [y1,-- -, yp—1,2] = 1
holds by assumption. Since P is abelian, there exists o € End(P) with a(g) = [y,g] for g € P.
Inductively one obtains o*~1(z) = [y1,...,yr_1,2] = 1. If 3 € Aut(P) is the conjugation by y, then
a = —1¢€ End(P) holds. Let m € N with p™ > k. Since P is elementary abelian, it follows

P m
0=c?" = Z (pi )(_Dzﬂp’"—i = pr" —

=1

(for p =2, —1 = 1). Thus y?" € Cg(P) holds and y € C(P) because of p # ¢q. But then G would be
nilpotent. O

Corollay 13.33 (ZORN). Let G be a finite group and k € N with [g,...,9,h] = 1 for all g,h € G,
—_——

then G is nilpotent.

Remark 13.34. If even [g1,...,gx] = 1 for all g1,...,9x € G, then G is nilpotent with nilpotency
class < k. See also [Lemma 12.7].

14 p-groups

Definition 14.1. Let X = {z,...} and X = X(wPQ, [z, y]P, [x,y,2] : x,y,z € Fx). Let G, be the
X-free group of rank r > 1 from [Theorem 13.29, As usual, we identify x; with the corresponding coset

in G,.

Lemma 14.2. The variety X consists of all p-groups G with ®(G) < Z(G) and ®(®(G)) = 1.

Proof. Let G be a p-group with ®(G) < Z(G) and ®(®(G)) = 1. For z,y, z € G, it holds that 2P € ®(G)
and " = 1. Furthermore, [z,y] € G < ®(G) and [z,y]P = 1 follows. Finally, [y, z] € ®(G) < Z(G)

and therefore [x,y, 2] = [z, [y, 2]] = 1.

Conversely, let G € X and N := (2P [z,y] : x,y € G). Then G/N is elementary abelian (possibly
infinite) and ®(G) < N. Because of [a:p,y] = [z,y|P =1 and [z, y, z] = 1, it follows that N < Z(G) and
N is elementary abelian, i.e. ®(®(G)) < ®(N) = 1. O

Lemma 14.3. Let G € X and y1,...,yr € G. Then there exists a homomorphism ¢: G, — G with
o(x;)) =y; fori=1,...,r

Proof. Follows from [Theorem 13.31| or [Theorem 1.15| (since yi,...,y, is not necessarily a generating
set of G, one only obtains a homomorphism instead of an epimorphism). O

Lemma 14.4. The following holds:
(i) ®(G,) is elementary abelian of rank r(r 4+ 1)/2.

(i) G,/P®(G,) is elementary abelian of rank r.
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(i17) If « € Aut(Gy) acts trivially on G, /®(G,), then it also acts trivially on ®(G,).

Proof.
(i) Because [z, zxy] = [xi, xj] - ¥ [xi, i) = [z, z5][xs, x] for 1 < 4,5,k < r, G, = ([zj,zj] : 1 <
i < j <) is elementary abelian of rank at most r(r — 1)/2. Because (z;z;)? = x?w? (mod GY.),

GYG,. = (a,[z;,xj]) is elementary abelian of rank at most r(r — 1)/2 +r = r(r + 1)/2. Since
G/GLG.. is also elementary abelian of rank at most 7, G is a finite p-group and ®(G,) = GYG!. <
Z(Gy).

Suppose there is a relation of the form

g:= ﬁl’fai I [zials=1
=1

1<i<j<r

with 0 < a;, b;; < p—1. For (h) = C)2 and 1 < i < r, there exists bya homomorphism
¢: Gp — (h) with ¢(z;) = h and ¢(x;) =1 for j # i. It follows that 1 = ¢(g) = hP* and a; =0
for i = 1,...,7. For 1 < i < j < r, let analogously (h;, h;) = p1++2. Again, there exists a
homomorphism ¢: G, — (h;, h;) with ¢(z;) = hs, p(x;) = hj and @(x) = 1 for i # k # j. From
1 = ¢(g) = [hi, hj]% it follows that b;; = 0. This shows that ®(G,) has rank r(r + 1)/2.

(ii) Let 0 < ay,...,ar <p—1with g =2{'...2% € ®(G,). As in (), there exists a homomorphism
¢: Gp — (h) = Cp2 with h% = ¢(g) € ®((h)) = (h?). This shows g = 1 and the assertion follows.

(iii) Let o € Aut(G,) be trivial on G,/®(G,). Then there exist hi, ..., h, € ®(G,) with a(z;) = x;h;
for i = 1,...,r. Because of (i), a(z?) = a(z;)? = (z;h)? = 2% and a([z;, zj]) = [zihi, z;h;] =
[, ;] for 1 <i<j<r. O

Lemma 14.5. Let N, M < ®(G,). Gr/N = G, /M holds if and only if there exists an o € Aut(G,)
with a(N) = M.

Proof. Every o € Aut(G,) with a(N) = M induces an isomorphism G,/N = G,/M. Conversely,
let an isomorphism «': G,/N — G, /M be given. Choose yi,...,y, € G, with o/(z;N) = y;M for
i = 1,...,r. By [Lemma 14.3] and [Lemma 14.4] there exists a homomorphism «: G, — G, with
a(z;) =y; fori=1,...,7r. As is well known,

Gr =W, - yr)M =1, ..., yr)P(Gr) = (Y1, -, Yr)-

Therefore, « is surjective and an isomorphism. Because a(z;)M = y;M = o'(x;N), it holds that
a(g)M = o/ (gN) for all g € G,.. In this case,

gEN < d(gN)=1 < a(9)M =1 < a(g) € M.

This shows a(N) = M. O

Lemma 14.6. The number of d-dimensional subspaces of Fy is

<n> =D =p) ... (0" —p")
a, @ -1 -p)...(p¢-pit)

and it holds that pd("*d) < (Z)p < pd(nfdﬂ),
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d < p"—p'

= d 7
‘ ' o pa—p
0 < i < d—1. On the other hand, p” 4+ p"~4++1 < 2p" < p"*1 4 pi and this yields ﬁ < prdtl o O

for

Proof. The formula is known from combinatorics. The lower bound follows from p"~

Lemma 14.7. Let r,s € N with 1 < s < r(r + 1)/2. Then there exist at least prsr+D/2=r*=s pop
isomorphic groups of order p"+s.

Proof. Let N be the set of normal subgroups N < ®(G,) with |®(G,) : N| = p*. According to
ILinma 14.4|and [Lemma 14.6| [N > prs("+1)/2=5* holds. For N € N, |G,/N| = p"** holds. According
to [Lemma 14.5] it suffices to estimate the number of orbits of Aut(G,) on N. Let I': Aut(G,) —
Aut(G,/®(G,)) be the canonical homomorphism. According to the automorphisms in
Ker(T") act trivially on N. On the other hand,

2

|Aut(G,/®(G,))| = |GL(r,p)| = (" ="' =1)...(0" —p" ") <p".

Each orbit of Aut(G,) on A thus has length at most p"". The number of orbits is therefore at least

prs(r+l)/2—rz—s2. 0

Theorem 14.8 (HIGMAN). Let f(p™) be the number of non-isomorphic groups of order p™ for a prime
p. Then

p%ng(n—ﬁ) < f(pn) Spé(ns—n).

Proof. For the lower bound, we can assume n > 6. Let

n/3 ifn=0 (mod 3),
s:=4(n+2)/3 ifn=1 (mod3),
(n+1)/3 ifn=2 (mod 3)

and r=n—s. Then s <r <r(r+1)/2 and

£n?(2n + 3) — gn% — In? ifn=0 (mod 3)
rs(r+1)/2 —r* — 5% = Fn+2)(n—-1)2n+1)—3(n—12-3(n+2)?> ifn=1 (mod3)
Fn+1)2n—1)(n+1) = 52n—-1)2 = §(n+1)? fn=2 (mod 3)

2n%(n — 6) ifn=0 (mod 3)

= 2Zn?(n—6)+in—% ifn=1 (mod3)
Zn?(n—6)+2n—L£ ifn=2 (mod 3)
2 o

> — —0).

_27n(n 6)

By it follows that f(p") > p2r" (=9,
For the upper bound, let G be a group of order p™ with chief series G = Hy > Hy > ... > H, = 1. We

choose g; € H;_1 \ H; for i = 1,...,n. Every element in G can then be uniquely written in the form
g=9{"...¢% with 0 < aj,...,a, < p— 1. Here g € H; holds if and only if a; = ... = a; = 0. Let
Oﬁbi]‘ < p—1 with
bii bi,n
g; =9 g (14.1)
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Because H;_1/H; < Z(G/Hj/), it follows that [g;,9;] € H; for 1 < i < j < n. Therefore there exist
0<c¢j; <p—1with

9i, 5] = g?ffl g (i < j). (14.2)
We now show that G is uniquely determined by the relations and . For this, one must
bring a product g{* .. .gg”gfll .. .gZ‘L into the form g(lllll .. .gg%. This is clear for n = 1. Let n > 2. Using
, one can shift gitll to the left by inserting terms of the form g?l’j with j > 2. Subsequently, one

obtains g(1“+a1h with h € Hy. Using (14.1)), one can replace a; + a by af by inserting further terms of

the form g?” with 4 > 2. The claim now follows by induction. The number of non-isomorphic groups
of order p" is thus bounded by the choice of the parameters b;; and ¢;;. For the choice of the b;;, there

are p"("~1)/2 pogsibilities. For the choice of the cij, there are p® possibilities, where

n—2 . 3 2

— -3 2
o — Z n-—1 _ n _ n n + n‘

; 2 3 6

=1
(One counts the number of 3-element subsets of {1,...,n} with a given maximum.) In total, there are
at most p(”s_”)/ 6 groups of order p". O

Remark 14.9. Sims-Newman-Seeley have proven the stronger estimate f(p™) < p2£7n3+0("5/2). Since

we only used factor groups of G, to prove the lower estimate, it follows: Almost all p-groups GG possess
a normal subgroup N < Z(G) such that N and G/N are elementary abelian. In particular, almost all
p-groups have nilpotency class 2.

Definition 14.10. For finite sets A, B C N, let A < B if |A| < |B| or if |A| = |B| and A is
lexicographically smaller than B (i.e. min(AU B) \ (AN B) € A).

Remark 14.11. Obviously, < is a total order on the set of finite subsets of N. From A C B follows
A=< B.

Lemma 14.12 (HALL’s Collector Process). Let X = {z1,...,2,} = X1 U...UX,, and F := Fx. For
IC{l,...,m} let
Cp:=Fll n (x)" n(Jxi)<F
i€l i€l

T1...Tp = H cr,

IC{1,...m}

Then there exist c; € Ct with

where the subsets I are traversed according to <.

Proof. For J C {1,...,m} we show

T1...Tp = HC[-yl...yn
I<J
with y1,...,yn € Ck for some J =< K. The assertion then follows with J = {1,...,m} by setting
¢j = Yi...Yyn. For J = @, the product over I < J is empty. For ; € X; < (X;) = C{;y, one can
choose y; = x;. Now let the assertion already be proven for J and let J’ be the successor of J w.r.t.
<. We can assume that at least one y; lies in C, because otherwise y; € Ck with J' < K for all 1.
Let i be minimal in this case. In the case i > 1, we write y;_1y; = yiyi—12 with z == [y}, y; '] and
yi—1 € Cg C F“KH, where J < K. Then it holds that

o z e [FIKI FlIIN) < FIKIHI < plIOK]),
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e ze(X;)f forall j € JUK.

e z€ <Uj€JUK X;).

This shows z € Cjux with J < J U K. In finitely many steps, we can move all y; € C; to the left in
this way. We call the product of these y; as ¢;. For the remaining factors, y; € Cx with J" < K now
holds as desired. O

Theorem 14.13 (HALL-PETRESCU formula). For every group G and x,y € G, there exist uniquely
determined elements ¢; € G such that for alln € N

. (5.6 ()

z"y" = (xy)" ey es® e

Proof. Wlog. let G := (x,y). The uniqueness of the ¢; follows inductively:

n,.n,n

xy) "x"y".

= (ay) 2 =i e
Let N € N be arbitrary. We show that the formula holds for all n < N. Due to uniqueness, it then
holds for all n € N. Let X; := {x;,x;xn} and X = X3 U...U Xy = {z1,...,22n}. Let F := Fx. For
IC{l,...,N}, let uy: F — F be the endomorphism with

() x; ifielvi—nel,
T;) = .
pIE 1  otherwise.

Let z1...2on = [ ¢r as in[Lemma 14.12] For I C J, us(cr) = ¢r holds, because Cr C <U261X> For
I ¢ J, however, py(cr) = 1 holds, because for i € I'\ J we have C; C (x;)F' = (z;, iy n) C Ker(uy).

According to [Lemma 14.12] it thus holds that

ij H TiyN = py(21... . 22N) = H cr,

jeJ  jed icJ
where the sets I are ordered with respect to <.

Let ¢: F — G be a homomorphism with ¢(z;) = x and ¢(z;4n) =y fori=1,...,N. For |J| =n we

obtain
xnyn = SD(MJ(Il .. JIQN)) - H QO(CI)'
ICJ

We claim that ¢(cr) only depends on |I]. This is clear for n = 0 with ¢z = 1. For n = 1, one obtains
o(cr) = zy for all single-element sets I. Now let n := |J| = |J'| and

(Hcpc;) HcpcI =a"y" H‘PCI (H‘PQ) (egr).

1CJ 1cJ 1cJg’ ey’

On both sides, the I are sorted ascendingly by size. For [ := |I| = |I'| < n, p(cr) /) already
n

= (e
holds by induction. The number of these factors is (l) on both sides. Therefore p(cs) = w(cyr).
We set ¢ := ¢(cqy,.. 1) for L =1,...,N. Then ¢; € o(F ¢ Gl and



Example 14.14. It holds that co = (zy) 22%y? = y~lz~ly~lay? = [y~ '27',57!]. In the case

n

(z,)B) = 1, one obtains the formula (zy)" = z"y"[y, :U](2) known from GT-Exercise 18.

Lemma 14.15. Let p be a prime and G nilpotent with class k < p. For all x,y € G and q¢ = p", the
following hold:

(i) There exists a z € G' such that x%y? = (xy)?z9.

(ii) 29 =y <= (zy~ 1) =1.
(iii) Q(G):={z e G:29=1}<4G.
(iv) Uy(@Q):={2%:2€ G} <G,
(v) |G| = [€Q4(G)[|04(G)].
(vi) Uy(G) € Up(G).

Proof. Induction on k: In the case k < 1, GG is abelian and all statements follow easily. Let &k > 2 and
wlog. G = (z,y).

(i)

(i)

By assumption, GIP < Gl¥+1 = 1. By the Hall-Petrescu formula, there exist ¢; € GlY! < G’ with

zly? = (xy)ley” .. .c

One easily sees that (‘Z) is divisible by ¢ for 0 < 7 < p. By induction, holds for G’. This shows
q q
c§2) . CI(;”:;) € Uy(G).
Let 27 = y4. Then
2l = yaly™t = (yay )7
Let H := (z,yzy~ ') < G. Because of

[z, yry ™Y = [z, y2ry 7] = [2,y,2] € GP

it holds that H' = ([z,yzy ') < GBl. Therefore H has nilpotency class < k. By induction,
[z,y]? = (x(yxy~1)~1)? = 1. Since G’ also has nilpotency class < k, it holds that

G = ([z,y])% = (glz,ylg ™" 1 g € G) < Q(G") =G,

i.e. exp(G’) < ¢. From (i) it follows that (zy=1)4 = 2%y~ = 1.

Conversely, let (zy~')¢ = 1. Then also (y~'2)? = z~!(zy~')92 = 1. By the first part of the
equivalence, it follows that [x,371]? = (xy~tx~1y)? = 1. As before, one obtains exp(G’) < ¢. By
{), 27y~ = (zy™")7 =1 and 27 = y2.

For z,y € Q4(G), it holds that 29 = 1 = y? and (zy~')? = 1 by (ii). This shows zy~' € Q4(G)
and Q4(G) < G. Obviously, Q,(G) is a normal subgroup of G.

For 24,y € Uy(G), there exists by (i) a 2 € G’ with 29y~9 = (zy~1)?2%. For H := (zy~1,2), it
holds that [zy~ ', 2] € GBl and H' = ([zy~', 2])¥ < GPl. In particular, H has nilpotency class
< k. By induction it holds that (zy=1)927 € U,(H) < U,(G) and Uy(G) < G. Obviously, U,(G)

is normal in G.
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(v) The map f: G — Uy(G), © — z? is surjective (but in general not a homomorphism). By (i),
f(z) = f(y) holds if and only if zy~! € Q,(G). Therefore f~1(z?) = 2Q,(G) and |f~1(z)] =
|Q4(G)| for all z € G. If Q4(G) is infinite, then so is G. Otherwise, |G : Q4(G)| = |Uy(G)].

(vi) Let 29,97 € Ug(G). We apply (i) to G’ := G' /U2 (G"):
(27,9 = 29(ylay ™) "1 € Up(G) <= (ayla”ly ™)1 € Up(G') <= ayla™ly 1€ Q).
Now we apply to G7/Q,(G):
rytahy ™ = (aya )1y € Q) = [1y)7 € 9(@) = [1,y)7 € Ba(G).
The statement on the right side is obviously true. O

Example 14.16. The statements in do not hold in general for groups with nilpotency
class > p. For example, Q9(Dg) cannot be a subgroup of Dg because of |Q2(Dg)| = 6. For

Gi=(vy|at=y' =1, yoy ' =271 2 Oy x O

Us(G) = {1,2%,4?} is not a subgroup of G.

Remark 14.17. The next theorem shows that p-groups with “small” nilpotency class behave approx-
imately like abelian groups.

Theorem 14.18 (GROVES). Let P be a p-group with nilpotency class < p. Then there exists an
operation P x P — P, (z,y) — x +y with the following properties:

(i) Py := (P,+) is an abelian group.
(i1) The orders of x in P and Py are equal.
(iii) For all x,y € P, x +y € (x,y) holds.
(iv) Every automorphism of P is also an automorphism of Py.

(v) Every subgroup of P is also a subgroup of Py .

Proof. Let P = (x1,...,x,) and F := Fn/FTE,p] be the free nilpotent group with rank n and nilpotency
class p — 1. Then there exists an epimorphism f: F — P, x — Z. Let ¢ = exp(P’). For all z,y € F,

there exists by [Lemma 14.15| (applied to (x,y)) an s = s(x,y) € (x,y) with z%y? = s9. Let also t € F
with s7 = t%. Then (st~!)? = 1 follows from [Lemma 14.15| Since F is torsion-free (Corollay 12.34)), it

follows that s = ¢, i.e. s is uniquely determined by x,y. We define T + 3 :=5.
(i) For z,y,z € F we have
s(s(z,y),2) = s(z,y)?27 = (a%y?)z" = 2%(y?27) = a%s(y, 2)? = s(x, s(y, 2))".

As above, it follows that s(s(z,y),2) = s(x,s(y,2)). This shows that + is associative on P.
Because of s(z,1) = 1 = s(1,z), T is neutral with respect to +. Because of s(z,27!) =1, 2~ is
inverse to T with respect to +.

According to [Lemma 14.15] s(z,y)%s(y, )" = [29,y9] € Up(F') and (s(z,y)s(y,z) 1) €

Op(F'). Let z € F' with (s(z,y)s(y,z) )7 = 27 = (27)%. From [Lemma 14.15| it follows that
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(s(z,y)s(y,z) 12797 = 1. Since F is torsion-free, one obtains s(z,y)s(y,z)™t = 2P € Uy(F").
Because of Uy(P’) = 1, it follows that

T+y=s(z,y)=s(y,s)=y+T
for all z,y € P, i.e. P, is an abelian group.
(ii) Obviously Z + T = s(z, ) = 22 and inductively k - T = z* for all k € N.
(iii) Follows from s(z,y) € (x,y).

(iv) Let a € Aut(P). According to (iil), T + ¥ is a word in T and y. Therefore a(z + 7) is the
corresponding word in a(Z) and «(y). This shows (T +7) = a(T) + a(7).

(v) Let Q< P, H:= f}Y(Q) < Fand 7,7 € Q. Then s(x,y~!) € (x,y!) < H and T — 7 € Q. This
shows @Q < P;. O

Remark 14.19.
(i) The isomorphism type of P} can be easily determined from [Q2,(P)| = |Q,(P4)]| for ¢ = p,p?, .. ..

(ii) Let p > 2 and P be a p-group with nilpotency class 2. Let ¢ := exp(P’). In the free group with
nilpotency class 2, the following holds:
1—gq

2y = (xy) [y, 2]~) = (ayly, 2] 7).

according to [Example 14.14] Since the map P — P, x — 2 is bijective, every = € P has exactly
one “root” \/z € P with \/52 = x. As in the proof of |The0rem 14.18|, one obtains an abelian

group structure on P via

1—gq

z+y=wzyly,a] T =ayy/[y, |
This special case was first constructed by Baer.

(iii) For p-groups with nilpotency class 3 < p, the formula is

z+y=ay/[y Y2 ¥y, 2] ¥y, v,y

(without proof). In general, these terms are obtained from the Baker-Campbell-Hausdorff formula.

(iv) [Theorem 14.18 already holds if every subgroup of G generated by three elements has nilpotency
class < p (three generators are necessary to prove the associative law).

(v) The Lazard correspondence provides a Lie ring structure on p-groups with nilpotency class < p.
Here, P4 is the additive group of this Lie ring.

Example 14.20. All p-groups P with |P| < pP have nilpotency class < p and therefore satisfy the
assumption of [Theorem 14.18} For P = SmallGroup(5°,21), |Q25(P)| = 5% and |Q25(P)| = 5* holds.
Therefore P} = Cys x C2. One can show that P, has exactly 56 subgroups of order 25. According to
|Theorem 14.18] P has at most as many subgroups (actually there are only 16).
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15 Decidability Problems

Remark 15.1 (DEHN’s Problems).

(i) Let G be a group with generating set X. In “practice” one wants to solve the following tasks
algorithmically:

e (Word problem) When does a word in X represent the identity element in G?
e (Conjugacy problem) When are two words in X conjugate as elements of G?
e (Isomorphism problem) When is G isomorphic to another given group H?

(ii) A solution to the word problem means that one can bring every element in G into a “normal
form”. According to the word problem is therefore solvable for free groups (provided
one already knows that G is free).

(iii) If the conjugacy problem for G is solvable, then so is the word problem, because g = 1 if and
only if g and 1 are conjugate.

(iv) Novikov and BOONE have shown that all three problems are undecidable even for finitely pre-
sented groups, d.h. there is no general algorithm that solves any of the three problems in finite
time. Even the question of whether a given group is finite or trivial cannot be decided!

(v) In general, the solvability of the problems depends on the chosen representation. For finitely
generated groups, the situation is better.

Theorem 15.2. Let G = (X | R) be finitely generated. If the word problem (or conjugacy problem) is
solvable with respect to this presentation of G, then the word problem (or conjugacy problem) is also
solvable for every other finitely generated presentation of G.

Proof. Let F := Fx and ¢: F' — G be the canonical epimorphism. Let F} := Fx, and ¢1: F} — G be
another presentation with |X;| < co. Then there exists a function i: X1 — F with (p¢)(z) = 91 (x)
for all z € X;. By the universal property, ¥ extends to F;. This extension can be explicitly calculated
using the finitely many values ¢(z) with € X;. Now let w € Fj. If the word problem for (X | R)
is solvable, then ¢(¢)(w)) = 1 can be decided. Thus, ¢1(w) = 1 can also be decided, d.h. the word
problem for (X; | Ry) is solvable. Analogously for the conjugacy problem. O

Theorem 15.3. The conjugacy problem is solvable for all free groups.

Proof. Apparently, every g € Fx is conjugate to a cyclically reduced word §. If § and A differ only
by shifts, then g and h are conjugate in F'x. Conversely, assume that g and h are conjugate. Then §
and h are also conjugate. Let a € Fx be reduced with aga—" = h. Since h is cyclically reduced, a ="
must cancel completely with §. Thus § is a shift of A. In this way, one can decide whether ¢ and h are
conjugate. O

Theorem 15.4. Let G be finitely presented and residually finite. Then the word problem for G is
solvable.
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Proof. Let G = (X | R) be a finite presentation and w a word in X . We execute the following algorithms
in parallel (or alternately):

e Construct all (countably many) words in R (for example in lexicographical order). If w = 1 in
G, then w must eventually appear as such a word.

e Construct all (countably many) finite groups H. Since X is finite, there are only finitely many
homomorphisms ¢: G — H. Check ¢p(w) # 1. If w # 1, then there exist H and ¢ with p(w) # 1,
since G is residually finite. O

Theorem 15.5. The word problem is solvable for Cozeter groups.

Proof. Let G = (x1, ..., xy) be a Coxeter group of rank n and w = x;, ... x;, € G. Let 0: G — GL(n,R)
be the monomorphism from [Theorem 10.14] Then o(w) = oy, ... 0y, can be calculated solely from the
numbers m;;. (On a computer, one could realize the matrix entries cos(mw/m;;) discretely in a cyclotomic
field instead of working with rounding-prone floating-point numbers.) It holds that w = 1 if and only

if o(w) = 1. O
Remark 15.6.

(i) TrTs has given an efficient algorithm for [Theorem 15.5; Let G = (x1, ..., zy) be a Coxeter group
and 7: F'x — G the canonical epimorphism with X = {z,...,2,}. For w = x;, ... 2, € Fx
let R(w) C Fx be the set of all words that can be obtained from w by means of the following
operations:

e Replace z;xjz;... (my; letters) by xjxiz; ... (my; letters).

o If x; = x;41, then remove x;z;41.

Since the length of the words in R(w) is bounded, R(w) is finite. Obviously 7(r) = m(w) holds
for all » € R(w). One can show that w(w) = 1 holds if and only if 1 € R(w) (without proof).

(ii) The isomorphism problem for Coxeter groups has not yet been completely solved.

(iii) The difficulty of Dehn’s problems is exploited in cryptography. We describe as an example the
ANSHEL-ANSHEL-GOLDFELD protocol for determining a shared secret key between persons A
and B. Given a group G for which the word problem is “efficiently” solvable, but the conjugation
problem is not. The public key of A and B respectively consists of random elements ay, ..., a, and
b1, ...,b, respectively. The private keys consist of words w4 and wg in ay,...,a, and by,...,b,
respectively. The key exchange is based on the following principle:

(1) A sends (wabjwy’,...,wabywy') to B.
(2) B sends (wpajwg', ..., wpa,wy') to A.
(3) Both can now calculate

wAwA(wBalwgl, . ,wBanwgl) = [wa,wp| = wB(wAblwAfl, . wAbnwATl)wgl

and use it as a shared key. In practice, braid groups or polycyclic groups are used for G.
These cryptographic methods become interesting when previous methods like RSA become
unusable with powerful quantum computers.
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Exercises

Exercise 1. Let F' be a free group of rank > 1. Show Z(F') = 1.

Exercise 2. Show:
(8) Qo = (z,y | 22" " =42, yoy~! =27 1) for n > 3 (see GT-Theorem 8.15)
(b) A= (z,y|2* =y = (ay)’ =1).

Exercise 3. A group G is called metacyclic, if a cyclic normal subgroup N with cyclic factor group
G/N exists (Example: GT-Theorem 7.24). Let P be a finite metacyclic p-group. Show that a,b, ¢,k > 0
with k?" —1=0= p(k —1) (mod p*) and

P (zy|at =1, y =2, yay ' =aF)

exist.
Remark: Different parameters can belong to isomorphic groups. An exact classification was given by
Liedahl.

Exercise 4. Let p be a prime, a > 2 and b > 1. Let
P(a,b) =P = (z,y| 2 =7 =1, yoy ' = 2",
Show:
(a) [P|=p**.
(b) P'=(a¥"") = (.
(c) ®(P) =Z(P) = (aP,y?) = Cpa—1 X Cpp-1.

Exercise 5. A non-abelian group G is called minimal non-abelian, if every proper subgroup of G is
abelian. Show that for a finite p-group P the following statements are equivalent:

(a) P is minimal non-abelian.
(b) [P &(P)| = |P: %(P)] = p.
(©) [P+ ®(P)| = p and || = p.
Hint: GT-Chapter 4.

Exercise 6. Let p be a prime and a,b € N. Let

Qa.b) =Q=(w.y|a” =y = [v.y)" = [r,0,y] = [y,0.y] = 1)
(Reminder: [z,y, 2] := [z, [y, 2]]). Show:
(a) |QI=p+iHt.
(b) Q" = {[z,y)) = Cp.
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(c) ®(Q) =7Z(Q) = (2P, 9P, [z,y]) = Cpa—1 X Cpp—1 x C.
Remark: Rédei has shown that every minimal non-abelian p-group is isomorphic to P(a,b), Q(a,b) or

tO(Qg.
Exercise 7. Decide whether the Petersen graph is the Cayley graph of a group.

Exercise 8. Let F be the free group over the alphabet {z,y} and G < F the subgroup of all words
with even length. Show that G is freely generated by z2, y? and zy.

Exercise 9. Let G = (X | R) be a simple group, where every relator in R has even length. Show:
G = (0.

Exercise 10. Let F be a free group and w € F \ {1}. Show Cp(w) = Cy. Conclude that F' is
indecomposable.

Exercise 11. Show that a group H is free if and only if every extension of H splits.

Exercise 12. The coproduct

A= II}FQjS II]FQ

neL neZ

consists of all sequences (a,)nez with [{n € Z : a,, = 1}| < co. Obviously, there exists v € Aut(A) with
Y((an)n) := (ant1)n for all n € Z. Let G := A x (7). Show that G is finitely generated and metabelian,
but the subgroup A < G is not finitely generated.

Exercise 13. Determine all extensions of Cy by C), up to equivalence (n € N).

Exercise 14. Let
1)a>1==<$7y ’$2 ::yQ ::1> = O x Co

(GT-Exercise 61(b)). Show that G := (z,y | 22 = y?) is an extension of Do, by Z(G) = C. Conclude
that G is supersolvable and G’ is cyclic.

Exercise 15. Let A := (a) = Cy, S := SL(2,3) and G := (S x A)/{(—12,a®)) = S x A (central
product). Show:

(a) 5;95(98 A Cb.
(b) Qs < G possesses a complement in H := Qg * A € Syly(G).
(¢) Qs possesses no complement in G.

Remark: For non-abelian groups N, by Gaschiitz is therefore false.

Exercise 16. Let N := Dg and H = (.
(a) Show Aut(N) = Dsg.
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(b) Determine all extensions of H by N up to equivalence. Which of these are isomorphic?

Exercise 17. Let N = (a,b | a® =b> =1, bab™' = a~!) = Dig and H = (z) = C5. Show:
(a) There exists an automorphism 3 € Aut(N) with 8(a) = a® and 8(b) = ab.
(b) There exists a homomorphism w: H — Out(N) with w(xz) = SInn(N).

(c) There is no system of parameters of H by N for the coupling w.
Hint: [Theorem 4.16L

Exercise 18. We consider the simple group N := PSL(2,9) of order 360. We identify the elements in
N with their preimages in SL(2,9) (note: Z(SL(2,9)) = (—12)). Let Fy = (¢) and d := diag(¢,1) €
GL(2,9). Show:

(a) The map o: N — N, o + dwd~! is an outer automorphism with o2 € Inn(NV).

(b) The map 7: N — N, (x;;) — («};) is an outer automorphism of order 2.

(c) Let H = (x) = Cy. According to |[Corollay 4.28| there is one system of parameters (a, k) of H by
N for each «, € {1,0,7,07}. Investigate which of the extensions split and which are isomorphic.

Remark: It holds that N = Ag.

Exercise 19. Let N be abelian and a: H — Aut(V) a group homomorphism. A map §: H — N with

[3(ay) = 3(x)as (5(y)) ]

for all z,y € H is called a crossed homomorphism w.r.t. a. Show that:

(a) The crossed homomorphisms form a group Hom,(H, N) < C'(H, N).

(b) The map I': N — Homg (H, N), a — &, with d,(x) := az(a)a™! is a homomorphism. One sets
H)(H,N) := Hom,(H, N)/T(N).

(¢) Let K be a complement of N in G := N x, H. For © € H there exists exactly one y € K with
Sk (z) == 2y~ € N. It holds that dx € Hom, (H, N).

(d) Every § € Homy(H, N) defines a complement K := {§(z) 'z : 2 € H} of N in G with §g, = 6.
(e) Two complements Ki, Ko of N in G are conjugate if and only if 51@15;{; € I'(N) holds.

(f) The map K — dx induces a bijection between the conjugacy classes of complements of N in G
and H.(H, N).

Exercise 20 (GASCHUTZ). Let N be an abelian normal subgroup of a finite group G and N <
H < G with ged(| V|, |G : H|) = 1. Show that: If all complements of NV in H are conjugate, then all
complements of N in GG are conjugate.

Exercise 21.

(a) Show that Aut(S,) = Aut(4,) for n > 4.
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(b) Show that ¢ € Aut(Ss) with

90((172)) = (175)(273)(476)7 30((173)) = (174)(276)(375)>

is an outer automorphism of order 2.

Exercise 22. Let P = P(a,1) = Mya+1 be the minimal non-abelian group from (or GT-
Theorem 8.15) with a > 2. In the case p = 2 let @ > 3. Show that M (P) = 1.
Hint: [Theorem 525

Exercise 23. Let G; ~ H; be isoclinic groups for i = 1,2. Show that G; x G2 =~ Hy X Hs.

Exercise 24. Show that one must fill out at least 82 lottery tickets (6 out of 49) to have two “correct
numbers” (on one ticket).

Exercise 25. Let S = (92,B) be a (2, k,v)-Steiner system. Show that the following statements are
equivalent:

(1) v =k
(2) |B| = k? + k.
(3) For B € Band w € Q\ B there exists exactly one block B’ € B with w € B’ and BN B’ = @.

Remark: In the affine plane Fg, is the parallel postulate: For every point x and every line g there
exists exactly one parallel of g passing through z.

Exercise 26. Show that the Higman-Sims graph is 22-regular, i. e. every vertex is connected to exactly
22 other vertices.

Exercise 27.

(a) Show that SU(3,3) has exactly 63 involutions.
(b) Show with GAP that the graph I' defined for J, in [Remark 9.20|(viil) is 36-regular.

(c) Show Aut(I") = Jo x Cy using the packages grape and atlasrep.

Exercise 28. A lattice is a free abelian subgroup of R™ of rank n. Every lattice thus has the form
L=7by + ...+ Zb,, where by,...,b, € R" is a basis of R”. Show that

Aut(L) = {f € OR") : f(L) = L}

is a finite group. Determine Aut(Z").

Exercise 29. Show that an action of GG on 2 is 2-transitive if and only if G = G, UG,zG,, for w €
and an z € G holds.
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Exercise 30. Show that the simple group PSp(4,3) is not isomorphic to any alternating group and
any projective special linear group.

Remark: According to PSp(4,3) =2 PSU(4, 2) holds. With the help of Zsigmondy primes
one can show that PSp(2n, ¢) for n > 2 is not isomorphic to any alternating group and any projective
special linear group.

Exercise 31. Let V be a unitary space. Show that V' has a basis consisting of elements in Vj.

Exercise 32. Let V be a unitary space of dimension n and U < V with U C U+. Show dimU < [n/2].
Give an example in which equality holds.
Remark: In general (i.e. for arbitrary “scalar products” on V') one calls

max{dimU : U <V, U C Ut}

the Witt index of V.
Exercise 33. Show Sp(2n,q) < SU(2n, q) for all n € N and prime powers ¢ # 1.

Exercise 34. Prove PSU(3,2) = Mp.
Hint: GT-Theorem 6.21.

Exercise 35. Let ¢ # 1 be an odd prime power and V be an n-dimensional Fg-vector space. Let
B:V x V — F, be a non-degenerate symmetric bilinear form. Let A € K\ (K*)? be a non-square.

(a) Construct a basis by, ..., b, of V with 3(b1,b1) € {1, A}, B(bi, b;) = 1fori =2,...,nand B(b;, b;) =
0 for i # j.

(b) Let 81 and f2 be bilinear forms representing the two possibilities in @ Let n be odd. Show

GO(n,q, 1) = GO(n, q, B2) with the notation from [Remark 8.28

(c) Let n = 2. Show that for exactly one of the two bilinear forms there exists a v € V' \ {0} with
B(v,v) = 0. We denote this form by Sy (Witt index 1) and the other by f_ (Witt index 0). For

e = £1 let GO(2,q) := GO(2,¢q, Bc). Show GO(2,q) = Dy(g—¢)-

Remark: According to Sylvester’s law of inertia, there are exactly n + 1 non-equivalent non-degenerate
symmetric bilinear forms on R™.

Exercise 36. Let p > 2 be a prime and G := (z,y | 2P = y? = (zy)? = 1). Show |G| = occ.
Hint: Realize G as a subgroup of Sym(Z).

Exercise 37. Show:
(a) Every Hurwitz group G is perfect and 84 divides |G/.
(b) GL(3,2) is a Hurwitz group.

Exercise 38. Let G = Fric; G; and H = @,; G;.

(a) Construct a natural epimorphism G — H and describe its kernel.
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(b) Show G/G' = H/H'.
(c) Let N; <G for i € I. Let N be the normal closure of | J,c; V; in G. Show G/N = Fric G;/N;.

Exercise 39. Let G be an amalgam of G; with respect to H with H < G; for all ¢ € I. Show:
Z(G) = Nier Z(Gi).

Exercise 40. Show that every finitely generated periodic solvable group is finite.
Exercise 41. Write the element ¢z in the Hall-Petrescu formula in a form that shows it lies in GI3I.

Exercise 42.
(a) Let P be a p-group such that P P11 is cyclic. Show that P satisfies the statements of [Lemma 14.15|
(b) Construct p-groups with p > 2 as in @ with arbitrarily large nilpotency class.
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